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Abstract

This paper studies a continuous one-dimensional spatial model of electoral com-
petition with two office-motivated candidates differentiated by their “intensity” va-
lence. All voters agree that one candidate will implement more intensively his an-
nounced policy than his opponent. However, and contrary to existing models, the
intensity valence has a different impact on the utility of voters according to their
position in the policy space. The assumption that voters have utility functions with
intensity valence, an assumption which has been found to be grounded empirically,
generates very different results than those obtained with traditional utility functions
with additive valence. First, the candidate with low intensity valence is supported
by voters whose ideal points are on both extremes of the policy space. Second,
there exist pure strategy Nash equilibria in which the winner is the candidate with
high intensity if the distribution of voters in the policy space is sufficiently homo-
geneous. On the contrary, if the distribution of voters in the policy space is very
heterogeneous, there are pure strategy Nash equilibria in which the candidate with
low intensity wins. For moderate heterogeneity of the distribution of voters, there
is no pure strategy Nash equilibrium.
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1 Introduction

Spatial models of voting have dominated formal political theory since the seminal work
of Downs (1957). This work, and the literature stemming from it, has considered that
candidates adopt positions in a space of possible policies; and each elector votes on the
basis of his “Downsian” utility function, which depends only on the distance between his
ideal point in the policy space and the ones proposed by candidates. Following Stokes
(1963), a recurrent criticism of the spatial model of elections has been the absence of “va-
lence” issues in the analysis, i.e., candidates’ characteristics which are independent of the
platforms they propose and which are unanimously evaluated by voters (e.g., charisma,
competence). Over the last decade, various authors have tried to understand the conse-
quences of including valence issues in the spatial model (e.g., Aragones and Palfrey, 2002;
Dix and Santore, 2002; Hummel, 2010). They usually incorporate valence in an additively
separable form, meaning that the valence parameter adds the same amount of utility to
all voters whatever their ideal point in the policy space. However, even if the term “va-
lence” defines a characteristic of a candidate that is unanimously evaluated, it may not be
unanimously desired.

In this article, we formally study the consequences of considering an alternative valence,
the “intensity” valence, in a one-dimensional model of voting with two candidates. The
intensity valence supposes that candidates differ in their ability or will to implement a
policy, i.e., to turn campaign promises into policy. All voters agree that one candidate
shows more potential in that respect than the other. But the key feature of the intensity
valence is that it has a different impact on the utility of voters according to their position
in the policy space. A voter with an ideal point close to a policy proposed by a candidate,
i.e., a supporter of this policy, will have a higher utility the more intensively this policy is

implemented. On the contrary, a voter with an ideal point far from the policy proposed
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by this candidate, i.e., an opponent to this policy, will have a higher disutility the more
intensively this policy is implemented. For instance, if a right-wing policy is implemented,
it makes sense to assume that a left-wing voter does not want this policy to be implemented
intensively.

The intensity valence utility function was initially proposed by Gouret et al. (2011)
who confronted, on an empirical basis, several ways of incorporating valence issues into
the Downsian utility function. Their objective was to find a parsimonious extension of
this utility function that is empirically founded and simple enough to be tractable at a
theoretical level. Using a survey run by the Société Francaise d’Etudes par Sondages prior
to the 2007 French presidential election, they tested four utility functions: (1) the basic
Downsian utility function, (2) an additive valence utility function wherein a valence is
added to the Downsian utility function, (3) a multiplicative valence utility function which
introduces in the Downsian utility function an interaction between the candidate’s valence
and the distance, and lastly (4) the intensity valence utility function. They showed that
all these utility functions imply different testable restrictions on a general utility function
which includes free additive and multiplicative valence parameters at the same time. They
found that the intensity valence utility function is the sole function which is not rejected
by the data. However, they did not try to understand the implications of intensity valence
utility functions in a strategic model of voting. The current paper fills this gap.

A theory with more empirically founded assumptions (i.e., the shape of the voters’
utility function here) is appealing because it can generate not only better predictions of
political phenomena but also theoretical insights. We believe that it is the case here. We
consider a setting with two purely-office motivated candidates in which the distribution of
voters over the one-dimensional policy space is public information. We first find that the

set of voters who prefer the policy implemented by the candidate with higher intensity
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valence is a bounded interval, while the set of voters who prefer the candidate with a
lower intensity valence is a non-convex set: the candidate with lower intensity valence is
supported by voters whose ideal points are on both sides of the policy space. This result
differs widely from Downsian and additive valence models which predict a split into two
intervals.

Second, and contrary to the Downsian model or the additive valence model, preference
heterogeneity among voters does matter. We are able to show that if the distribution of
voters in the policy space is relatively homogeneous, then there are pure strategy Nash
equilibria in which the candidate with the highest intensity valence wins the election. On
the contrary, if the distribution of voters is too heterogeneous, then there are pure strategy
Nash equilibria in which the candidate with the lowest intensity valence wins the election.
This is in sharp contrast with models with additive valence, which always predict a positive
relationship between valence and the probability of winning the election. When the me-
dian voter is public information (Ansolabehere and Snyder, 2000; Dix and Santore, 2002),
there are usually pure strategy equilibria such that if the additive-valence-advantaged
candidate chooses a moderate policy, he wins with certainty. When the median voter
position is unknown (but candidates share a common subjective probability on it), Grose-
close (2001, p.866) observes that a pure strategy equilibrium does not exist if candidates
are motivated strictly by office. However, the additive-valence-advantaged candidate has
a mixed strategy (with a distribution of policies closer to the expected median voter)
which makes him more likely to win the election (Aragones and Palfrey, 2002; Hummel,
2010). Groseclose (2001) shows that if in addition to seeking office, candidates have policy
preferences as in Wittman (1977), then a pure strategy equilibrium may exist such that
the advantaged candidate is again more likely to win.

The rest of the paper proceeds as follows. Section 2 recalls additional literature on

valence advantage and presents the intensity valence utility function. Section 3 presents
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the model while Section 4 presents the results. Finally, Section 5 makes concluding re-
marks about the broader implications of this work and the role of preference heterogeneity

among voters for the efficient implementation of policy.

2 Related literature and the intensity valence utility

Additive valence. A vast literature has examined the role of valence in politics since
the seminal paper of Stokes (1963); Evrenk (forth.) reviews the literature. The term
“valence” is used to represent a non-policy attribute of a candidate to an election, i.e., an
attribute unanimously evaluated by the electorate, which is independent of policy choices
(charisma, rhetorical skills, competence, etc...). It is usually assumed that this valence is
exogenous and observed by voters prior to an election, an assumption that we will follow
in this paper.! This literature usually considers an additive valence (Ansolabehere and
Snyder, 2000; Dix and Santore, 2002; Aragones and Palfrey, 2002; Aragones and Xefteris,
2012; Hummel, 2010; Groseclose, 2001). That is, if the policy space is unidimensional, a;
is the ideal point (or ideal policy) of voter ¢ in this policy space, x; is the policy proposed
by a given candidate j, and ¢; > 0 is the valence associated to candidate j, then the

utility function of voter ¢ if candidate j is elected is:

u(as, v, 05) = 0; — |z; — a4 (1)

'Note that several papers have considered that the valence is endogenous and/or private information.
Various papers consider that campaign expenditures or a costly effort from the part of a candidate may
improve his valence, and the outcome of the election (e.g., Ashworth and Bueno de Mesquita, 2009; Carillo
and Castanheria, 2008; Meirowitz, 2008; Prat, 2002). Bernhardt et al. (2011) introduce an exogenous
valence in a repeated election model a la Duggan (2000). When a candidate is elected, he holds office and
his valence is revealed to the electorate. At the end of a period, the office holder may retire according to
an exogenous probability. If he does not and decides to run for re-election, voters know his valence; they
do not know the valence of the challenger however, and higher valence incumbents are more likely to win
re-election. In these models, the valence remains additive and increases the utility of all voters.



Compared to a simple Downsian utility function w(a;,z;) = —|z; — @], the additive
valence utility function adds a constant §; which is candidate-specific. Note that instead
of choosing an absolute loss function, it would have been possible to choose a quadratic
loss function as in Dix and Santore (2002). It does not change however the main message:
a higher valence §; implies a higher level of utility for all voters as shown in Panel (A.) of
Figure 1. And the highest possible level of utility occurs for the voter ¢« whose ideal point
Is a; = x;.
Intensity valence and its empirical foundation. Gouret et al. (2011) highlight that
if the valence represents the ability or will of a candidate for implementing a policy, all
voters may agree that one candidate will implement more intensively a policy than an
opponent, but may be affected differently. The supporters of a candidate will be better
off if their candidate is able to implement intensively his policy, while others may consider
that it will decrease their utility even more if he is elected. In other words, the ability
of a candidate to implement a policy is a bad thing for a voter who is too far from this
policy. Gouret et al. (2011) call this valence the intensity valence.

More formally, if voter 4’s ideal policy a; is close to the candidate j’s platform z;, i.e.,
|z; —a;| < K, and candidate j is elected, then the higher the intensity valence A\; > 0
of candidate j, the higher the utility of voter i. However, if a; is too far from z;, i.e.,
|z; — a;| > K, then the higher the intensity valence \;, the lower the utility of voter i.
Here ); is the intensity valence index, and K measures the size of the set of voters who
will have an increase of their utility if the policy x; is implemented. The intensity valence

utility function takes the following form:

Panel (B.) in Figure 1 depicts the effect of a variation of the intensity valence index:
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Figure 1: Additive and intensity valence

an increase of A\; can either increase or decrease the utility, depending on the sign of
(K — |5 — al).

As noticed in the Introduction, using data from a French 2007 pre-electoral survey,
Gouret et al. (2011) have found that this utility function is not rejected by the data,
contrary to the Downsian and additive valence utility functions. The objective of our
paper is thus to learn the implications of this empirically founded intensity valence utility
function in a one-dimensional model of voting with two candidates. Note that Gouret
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et al. (2011, p.325) consider various robustness checks. In particular, they consider
utility functions which are not linear in the distance |a; — x|, i.e., they consider that the
distance is |a; — x;|7, where v is an exponent parameter. The estimated coeflicient 7 is
not significantly different from one in all their specifications. That is why we will consider
an absolute loss function for the distance as in Equation (2).

Note that contrary to the traditional additive valence utility function, the intensity
valence utility function is not additively separable in distance and valence. Groseclose
(2001, Appendix B, p.882) also notes that the separability could be violated if candidate
j’s valence represents candidate j’s “competency for implementing the policy position
that he or she announces”. He highlights that “it is reasonable to believe that the voter
appreciates a candidate’s competency more when the candidate has adopted a policy that
he or she likes”.

Although they do not provide an empirical foundation for them, Kartik and McAfee
(2007) and Miller (2011) have considered some utility functions that share some feature
with the intensity valence one. Kartik and McAfee (2007) investigate the effect of “charac-
ter”. A candidate with character is formally nonstrategic because he suffers disutility from
proposing a policy platform which is not his ideology. If such a character, unobservable to
voters, is also similar to an additive valence in most of their article, they highlight at the
end of it (Subsection IV.C., p.863) that a preference weight on character may depend on
both the platform and a voter ideal point. Their argument, quite similar to ours, is that “a
voter with ideal point [a; = 1] may prefer a candidate with platform [z; = 0] not to have
character [...] [T]he same voter may prefer a candidate with [x; = 1] to in fact have char-
acter, thus guaranteeing that he will take the same policy position on the unobservable
dimension.” Nevertheless, their model remains different from ours because the intensity

valence is observable. Furthermore, in their model, only the candidate without character
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is purely office motivated and locates strategically. As a result, the candidate without
character is more likely to win. In our model, the two candidates will locate strategically,
and the most intensive candidate has some strategies which insure him to win for sure if
the distribution of voters in the policy space is relatively homogenous.

Miller (2011) combines an additive valence with the “effectiveness” of candidate j (p;),
which captures his likelihood of changing policy from an exogenous status quo (5). Such
expected utility function (u(a;, z;j,pj, S,0;) = —pj|lr; — a;i| — (1 — p;)|a; — S| + 6;) differs
from the intensity valence utility function which does not incorporate statu quo. Note
also that effectiveness and the additive valence are independent in Miller, so the additive-
valence-advantaged candidate may differ from the high-effectiveness candidate. On the
contrary, in our valence utility function, the additive term A\; K and the slope \; are not
independent, so a candidate cannot have at the same time a better additive term and a
lower slope (in absolute value) than the other candidate. This is the reason why the ho-
mogeneity /heterogeneity of the distribution of voters in the policy space will be important
for determining the policies proposed by the candidates in our model. On the contrary,
preference heterogeneity among voters does not matter in Miller; it is the distance be-
tween the statu quo and the median voter which determines the policy platforms of the
candidates. However, the expected utility function of Miller may generate situations in
which the set of voters who prefer the most effective candidate is a bounded interval, like

the set of voters who prefer the candidate with higher intensity valence in our model.?

2More precisely, Miller (2011, pp.60-61, Proposition 3-Part 5, and Figure 3) shows that, in his model,
if the less effective candidate is additive-valence-advantaged (i.e., p1 > pa and 62 > 61), the set of voters
who prefer the most effective candidate (candidate 1) may be a bounded interval, and those on the
extremes of the policy space may prefer the less effective candidate (candidate 2); in such a case, the
candidates ties. Note that without any additive valence advantage but only effectiveness and statu quo,
Miller (2001, p.59, Proposition 2-Part 2, and Figure 1) shows that the set of voters who prefer the most
effective candidate may be a bounded interval, but the other voters are indifferent; in such a case, the
strategy of the most effective candidate permits to win for sure, given that the voters who strictly prefer
this candidate vote for him, while those who are indifferent randomize.



Additional empirical evidence for the intensity valence. One can naturally ask
if there are other empirical evidences for the intensity valence utility function. To our
knowledge, Gouret et al. (2011) is the sole paper whose aim is to determine the best
way to model valence, i.e., how to introduce the valence parameter in a utility function.
However, various empirical papers have considered some proxies for valence advantage.
Office-holding has been a standard (Ansolabehere et al., 2001; Burden, 2004; Feld and
Grofman, 1991). Recently, Stone and Simas (2010) have noted that incumbency can
reflect campaign skills (e.g., fundraising ability) or qualities that voters value for their
own sake (e.g., competence, integrity). Using district expert informants in the 2006 U.S.
House elections, they first find that incumbents with higher qualities are closer to the
average district preferences while disadvantaged challengers diverge. Second, challengers
obtain a greater share of the vote and higher probability to win when they diverge.

This last result contradicts theoretical models with additive valence. If these models
predict that the valence-advantaged candidate chooses a moderate policy, they also predict
that this candidate wins the election when the median is public information (Ansolabehere
and Snyder, 2000; Dix and Santore, 2002), or are more likely to win the election when the
candidates do not know the median location (Aragones and Palfrey, 2002; Hummel, 2010;
Groseclose, 2001). On the contrary, and as already noticed, our model with intensity
valence utility functions predicts that the disadvantaged candidate may win when the
distribution of preferences among voters is too heterogeneous. Although heterogeneity in
voters’ preferences does not appear in the estimates of Stone and Simas (2010, p.380), the
fact that an a priori disadvantaged candidate may win fits with our model. We are also
able to show that there is an interval of policies (which includes the median voter) which
are dominant strategies for the winning candidate. Although our model does not say what

policy platform the winning candidate will choose in this interval, it is possible that he

9



chooses one policy platform which diverges from the median. When the winning candidate
is the one with high intensity valence, this result is compatible with Burden (2004) who
finds empirically that a candidate with a valence advantage (proxied by incumbency) is
freed to adopt a position closer to his view. When the winning candidate is the one with
low intensity valence, this result is compatible with the finding of Stone and Simas (2010,
p.380). However, our model presented in the next sections is compatible with moderate
extremism, i.e., “the mildly but not extremely divergent policy platforms that appear,
empirically, to be characteristic of two-party and multiparty competition” (Merrill and

Grofman, 1999, p.4).

3 The model

There is an election between two candidates indexed by j = 1,2. Each Candidate j
chooses a policy platform z; in the policy space R. Each voter ¢ has an ideal policy a; € R.

The utility function of voter ¢ if Candidate j is elected is given by:

We will consider that Candidate 1 has a higher intensity valence than Candidate 2, i.e.,
Candidate 1 has more ability to implement his policy platform: A\; > \y. Without loss of
generality, we normalize Ay = 1 to simplify.

Let Qq(xq1,22) be the set of voters who strictly prefer Candidate 1 to Candidate 2,

Qo(x1,x9) the set of voters who strictly prefer Candidate 2 to Candidate 1, and I (1, x2)

10



the set of voters who are indifferent between the two candidates. We thus have:

Dy, 29) = {a € RyM(K — |21 —a]) > K —[z; —al} (4)
Qo(w1,29) = {a € RyM(K — |1 —a]) < K —[zy —al} ()
[z, m5) = {a € REM(K — |2y —af) = K — |2, —al} (6)

Voters are distributed on R according to their ideal policy. We assume that the distri-
bution of voters has a probability density function f which is an even function on R,
strictly increasing on R_ and strictly decreasing on R,. The corresponding distribution
admits a second order moment. The fraction of voters who strictly prefer Candidate
1 is denoted S;(z1,x2) fQ a)da; the fraction of voters who strictly prefer Candi-
date 2 is So(z1, x9) fQ a)da. If a probability distribution admits a density, then
the probability of every one-point set is zero. The set I in (6) is then negligible; hence,
So(xq,22) = 1 — Sy(x1, 22).

A candidate’s goal is solely to win office as it is often assumed in the literature (e.g.,
Ansolabehere and Snyder, 2000; Aragones and Palfrey, 2002; Hummel, 2010). Thus, a
candidate obtains a payoff equal to his probability of winning the election. We denote by
7; (21, z2) the probability that Candidate j wins the election. We have:

4

1 if 51(1’1,1’2) > %
Wl(l’l,l'Q) = % if 51(1'1,1’2) = % (7)
0 if 51(1'1,1’2) < %

and 7T2(.§L’1,LU2) =1- 7T1(ZL’1, ZL’Q).
The main elements of the game are the triple (A, K, f). The game proceeds as fol-
lows. Both Candidates 1 and 2 simultaneously choose their policy x; and x5 from the

policy space R. Then, each voter i observes these policy choices and vote for whichever
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candidate affords him a higher utility. We present the results in Section 4, solving the

game backwards.

4 Results

Subsection 4.1 provides some properties of the sets (x1,z5) and Qy(x1,29). We
then study in Subsection 4.2 the existence of political equilibria, i.e., pure strategy Nash

equilibria in the game played by the two candidates.

4.1 The sets Ql(xl,xg) and Qg(xl,xg)

Given that Candidate 2 has a lower valence (Ao = 1 < A1), a voter whose ideal policy is
a; = x5 does not always vote for Candidate 2. Indeed, if a; = x5, we obtain from Equation

(4) that Candidate 1 can offer to this voter a higher level of utility if A\; (K —|x; —25]) > K,

— (’\1;71)1( < Ty < T1+ W Thus, we have to distinguish three cases. In Case

i.e., if T 1

(A.), described in Panel (A.) of Figure 2, Candidate 2 proposes a policy xs relatively close

to x1, the one proposed by Candidate 1, i.e., z9 € |21 — (A1;11)K’x1 + ()‘1;11)1{]. This case

corresponds to the situation in which a voter with ideal policy a; = x5 prefers Candidate 1
to Candidate 2.* In Case (B.), described in Panel (B.) of Figure 2, Candidate 2 proposes

a policy x5 which is far to the right of xy, i.e., zo > x; + %

K In this case, a voter
whose ideal policy is a; = x5 strictly prefers Candidate 2 to Candidate 1. The last case,
Case (B’.), described in Panel (B’.) of Figure 2, is symmetric to Case (B.): Candidate 2
proposes a policy zo which is far to the left of zy, ie., o < x1 — W, and, again, a
voter whose ideal policy is a; = x5 strictly prefers Candidate 2 to Candidate 1.

One can easily see on the different panels of Figure 2 that the set of voters who strictly

prefer Candidate 1 is a bounded open interval (b, ¢), while the set of voters who strictly

3Remark: to fully understand when xo = x; + % and when x9 = 21 — %, Panels (C.) and
(D.) of Figure 2 depict these two situations.
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prefer Candidate 2 is a non-convex set. Proposition 1 gives the precise form of the sets
Oy (x1,9) and Qo(xq, x2) in the different cases.

Proposition 1. Q(z1,22) = (b,¢) and Qq(z1,23) = (—00,b) U (¢, +00) where

Case (A):  b=22=22 _ ¢ and ¢ = M0=22 | K if gy € gy — MK 4y 4 DK
a1

)\1—1 )\1 )\1
. _ Mzi—x2 _ _ (>\1_1)K+)\11’1+$2 : (>\1_1)K
Case (B.): b=2=2 - K and c = v, if 29 > a1 + 25—
5. _ A= )K+Mz1+z2 _ Mmi—axo . _ (M-DK
Case (B.): b= v and ¢ = =2 + K if 2 < 14 v

Proof: see Appendix A.1.

Proposition 1 gives the location of the supporters of Candidate 1 and Candidate 2 in the
14



policy space, for x; and z5 given. The next section deals with the choice of the policy

platforms x; and x5 by the candidates, and particularly the existence of political equilibria.

4.2 Political equilibria

We can now deal with political equilibria. A political equilibrium is a pure strategy
Nash equilibrium in the game played by the two candidates.
Definition 1. A political equilibrium is a policy pair (z7,x3) such that these two con-

ditions are met: (i.) Va; € R, m (23, 23) > m(x1,23), and (ii.) Vo € R, mo(a], x3) >

7T2(.§L’>{, LUQ).

We will see in Proposition 2 that there is a political equilibrium here only when a candidate
has a dominant strategy which insures him to win against any strategy of his opponent.

Since f is an even function, [ af(a)da = 0. Hence, the variance is 0 = [ a? f(a)da > 0.
Denote by f; the standardized distribution, i.e., [a®fi(a)da = 1. So f = f,, where f, is
defined by f(a) = 1f1 ().

Now remark the following intermediate results described in Lemmata 1 and 2.

Lemma 1.
(M+DK (M -1DK

v N
0</1?1)K fa(a)da—/mﬂm da</ fola
1 1

Proof: see Appendix A.2.

Lemma 2. There exist ¢* and ¢**, with 0 < o* < ¢**, such that:

(A1+1)K

(i.) If o <o*, then L < [, 3 Al)K Io( )da<f_KKfJ(a)da

(M+DHK

(ii.) If o™ < o, then [, 1\« for(a)da < f fo(a)da < %
Al

M+DK
(iii.) If o* <o < o™, then [, )« fr(a)da <5 < f_KK fo(a)da.

A1
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Proof: see Appendix A.3.
Using Lemmata 1 and 2, we then obtain Proposition 2, which gives conditions on o to

have at least one political equilibrium.

Proposition 2. (i.) If o0 < ¢*, then, Vo, € R, Candidate 1 wins with certainty if he

chooses 7 = 0.
(ii.) If o** < o, then, Vz; € R, Candidate 2 wins with certainty if he chooses 25 = 0.
(iii.) If o* < o < o™, then there is no political equilibrium.
Proof: see Appendix A.4.
Part (i.) of Proposition 2 states that if the distribution of voters’ preferences is sufficiently

homogeneous in the policy space, i.e., when o < ¢*, then choosing as a policy the median

ideal policy z7 = 0 is a dominant strategy for Candidate 1 to be elected for sure. As

shown in Appendix A.4, the reason is that S1(0,z3) has a minimum at zy = iw,
(>\1+1)K
and S; ( ’\1 D, ) f(l M)K fs(a)da. Since o < o*, we know from Lemma 2 that

S, (0,—%) L Thus, $(0,25) > 1, Vs € R

On the contrary, Part (ii.) of Proposition 2 says that if the distribution is too hetero-
geneous, i.e., when ¢ > ¢**, then choosing as a policy the median ideal policy x5 = 0 is
a dominant strategy for Candidate 2 to be elected for sure. As shown in Appendix A.4,
the reason is that if o > o™, S1(z1,0) < %, Vr; € R.

Lastly, Part (iii.) of Proposition 2 says that for intermediate level of heterogeneity,
i.e., when o € [0%, 0™], there is no political equilibrium. As shown in Appendix A.4, the
reason is that for any policy pair (T;,T;) € R?, each candidate can deviate unilaterally
and win; hence, (1, T2) cannot be a political equilibrium.

When o < ¢* or when o > ¢** choosing the median ideal policy is a dominant strategy
which insures one candidate to win, but it is possible that there are other strategies that

also permit to do so. For instance, it is possible that when the distribution is sufficiently
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homogeneous, choosing a policy which is slightly different from the median voter’s ideal
point is still a dominant strategy which insures Candidate 1 to win. We thus now consider

the set of strategies that Candidate j can play in order to win with certainty.

Definition 2. Let X be the set of strategies that Candidate j can play to be elected
with certainty:

X]* = {x; c R, Wj(x;,x—j> =1 ; vx—j S R}

Proposition 3 characterizes the sets X; and X3.

Proposition 3. (i.) If 0 < ¢*, then X| = (—a, a) where « is the unique positive real

number which satisfies:
A +1)K

/;Jr " fo(a)da = %

(I-2\)K
A v

Moreover, a € (0, W), and o — «(0) is a decreasing function on (0, 0*|, with

_ (M—-1)K

a(c*) =0 and lim, o+ a(0) ~

(ii.) If o™ < o, then X5 = (=, 3) where (3 is the unique positive real number which

satisfies:

1
sup Si(z1, B) = 9
1‘1S5—7(A1;11)K
Proof: see Appendix A.5.
Part (i.) of Proposition 3 highlights that when the distribution of voters is sufficiently

homogeneous in the policy space, i.e., when ¢ < ¢*, there is an interval of moderate policies

X{ = (—a, ) which allow Candidate 1 to win. This interval tends to ((1_;‘11)[{, (’\1;11)[{)
when o — 07. When o increases, the lower bound increases while the upper bound
decreases; and this interval tends to the singleton {0} when ¢ — ¢* . Part (ii.) of
Proposition 3 highlights that when the distribution of voters is sufficiently heterogeneous,

i.e., when o > o™, there is an interval of moderate policies X5 = (=, ) which allow

Candidate 2 to win.
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In these two cases, the interval always includes the median voter’s ideal point. Al-
though we do not know what is the policy that the winning candidate will choose in
his range of optimal policies, this result can explain the moderate divergence from the
median voter’s ideal policy which is in practice a salient characteristic of many elections
(e.g., Merrill and Grofman, 1999; Ansolabehere et al. 2001).

Finally, it is interesting to note how the model behaves when the valence of the high
intensity candidate A\; varies.

Proposition 4. \; — ¢*()\;) is an increasing function on (1, +00), with limy, i+ 0*(\;) =
0 and limy, .1 0*(A1) = o™, while ¢** is independent of A;.

Proof: see Appendix A.6.

Figure 3 illustrates Proposition 4. In Region (1.) of the (A, o) plane, there is a set of
strategies which insure that Candidate 1 wins for sure. In Region (2.), there is a set
of strategies which insure that Candidate 2 wins for sure. In Region (3.), i.e., when
o € [0*(A1), 0™*], there is no political equilibrium. The interval [c*(\1), 0**] reduces when
A1 increases, given that ¢* is increasing in A;, and tends to the singleton interval {o**}

when Ay — +o0.

5 Conclusion

This paper has studied the implications of considering a utility function which has
some empirical foundation in a strategic model of voting. This utility function, called
the intensity valence, assumes that all voters agree on a candidate’s ability or will to
implement a policy. However, and contrary to the additive valence, the intensity valence
implies that voters are affected in different ways depending on their proximity to the policy
implemented by a candidate. In a strategic model of voting with two candidates, there are

two important implications of considering intensity valence utility functions for the voters.
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Figure 3: Parameter configuration and political equilibria

First, voters who are far from the median voter prefer the less intensive candidate. Second,
we show that pure strategy Nash equilibria exist in two situations: the candidate with
high ability wins with certainty if the preferences of voters are sufficiently homogeneous,
while the candidate with low ability wins with certainty if the preferences of voters are too
heterogeneous. In both situations, we show that there is an interval of moderate policies
which are optimal for the winning candidate.

It is important to stress how preference heterogeneity /homogeneity in a society may
affect the implementation of the winning policy in our model. Heterogeneity is not im-
portant in the Downsian model and the additive valence model. On the contrary, a model
with intensity valence requires specific attention to heterogeneity in voters’ preferences.
It echoes (partially) Gerber and Lewis (2004) who have found empirically that preference
heterogeneity (measured by the variance) is extremely important to understand diver-
gence from the median voter. Using data from 55 Los Angeles County districts, they
have found that in districts wherein voters have heterogeneous preferences, legislators are
less constrained by the preferences of the median voter. In line with their result, our

model says that conditional to the fact that preferences are relatively heterogeneous (i.e.,
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o > o), then Candidate 2 is less constrained by the median voter to win. But our model
also says that if preferences remain relatively homogeneous (i.e., o < ¢*), then Candidate
1 is more and more constrained by the median voter when heterogeneity increases. If
our model predicts non-monotonicity, note that Gerber and Lewis (2004, Table 5, p.1375)
assume linearity between the variance and the legislator’s location relative to the median
in their econometric specification. Our model may thus provide a road map for empirical
analyses between heterogeneity in voters’ preferences, location of the winning candidate,
and valence.

Lastly, our model does not study the issue of political recruitment but it suggests that
if there is too much heterogeneity among voters, then a political party may deliberately
choose not to recruit the best candidate in terms of intensity valence. On the contrary if
there is enough homogeneity, then a political party will choose to recruit the best candi-
date. This argument echoes Mattozzi and Merlo (2014) who distinguish “mediocracy” (if
a party does not recruit a good politician) and “aristocracy” (if a party does so).* In their
model, recruiting the best possible candidate (i.e., the one with the best political ability)
may improve the probability to win the election but recruiting a relatively mediocre can-
didate may maximize the collective effort of the other recruits of the party because “the
presence of “superstars” may discourage other party members and induce them to shirk”
(p-3).° Our model is complementary to their theory in the sense that it shows that a
mediocre candidate, i.e., a candidate who is less able to implement a policy, may win if

preferences are too heterogeneous among citizens.

‘Mattozzi and Merlo (2014) note that the term “aristocracy” comes from the Greek “aristokratia”
meaning “the government of the best” while “mediocracy” is defined as the “rule by the mediocre”.

5To be more precise about their paper, Mattozzi and Merlo (2014) compare majoritarian and pro-
portional systems. The majoritarian system is more competitive because it is a winner-takes-all system
while the proportional system implies that the probability that each candidate wins the elections is pro-
portional to his effort. The winner-takes-all nature of the majoritarian system makes the electoral return
to candidate’s ability higher; thus it is less likely to generate a mediocracy than the proportional system.
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A  Proofs

A.1 Proof of Proposition 1

We prove first that Q(z1,25) = (b,¢), i.e., the set of voters who strictly prefer

Candidate 1, is a bounded open interval, and find the bounds b and c¢. Let u; =
u(a, r1, A\, K) = M(K — |r1 — al) and us = u(a,x9, A2, K) = K — x5 — a|. We thus

have:

ac Ql(l'l,l’g) < Ul > U
S MK =z —al) > K — |2y — a

-~ ()\1 — 1)K + |£L’2 — a| > )\1|(L’1 — CL| (Al)
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Note also the three preliminary results in (A2), (A3) and (A4):

— 1)K
IfCL:LUQ, then u; > uy < % > ‘Z(Zl — T9 (A2)
1

If a < min(zy,x9), then uy >uy <& (AN — 1)K + (22 —a) > M\(z1 — a)

>\1ZL’1—SL’2
— K A
& a>— (A3)

If a > max(xy,x9), then uy > uy < (AN — 1)K + (a — 22) > M(a — 21)

& a<M+K (A4)
A —1

Because of Inequality (A2), consider the three following cases: Case (A.) |r; — xo| <

W, Case (B.) xg > 21 + %, and Case (B'.) x5 < 1 — W
Case (A.) — If |[zg — x| < W and a € (min{xy, o}, max{xy, z2}), then A\j|x; —a| <

Ay —xo| < (M —1)K < (A — 1)K +|zy—al. Inequality (A1) is thus satisfied,
SO U1 > Usg.

e T

and a < min{zy, x5}, then u; > uy & a > MU= K

according to Inequality (A3).

— If |z — o] < W and a > max{z;, 25}, then u; > uy < a < MU= 4 [

according to Inequality (A4).

Conclusion: If |z; — x| < (’\171 then Qy(xq1,29) = (% - K,% +K>.

Case (B.) —1Ifxy > a1+ % and r; < a < x, then, according to Inequality (Al),

()\1 I)K—I—)\l.’ﬂl +.’Ez

U1>UQ<:>()\1—1)K+(LU2—CL>>)\1(CL—LE1)<:>CL< SVES

(>\1 1)

— Ifxyg > a1+ and a < x1, then u1>u2(:>a>M K according to

Inequality (A3).
24



— If 9 > a1 + ()‘1 1) and a > x5, then u; > uy < a < MjLK according

VK

to Inequality (A4). However, since xy > x; + (’\1;711 and a > o, note that

(A —DK]
M [mﬁ_ by ] 2 < QuzDzs
A1—1 A1—1

M-DHK
1

AMxi—xo _
A1—1 + K =

= 19 < a. Hence, u1 < us if a > x5

and r9 > 11 +

. ()\1 l by — ()\ —1)K+)\11‘ +xo
Conclusion: If 29 > 21 + , then Q (21, 29) = ( 1;11_1””2 — K, v, L )

Case (B’.) —Ifxy <y — W and rs < a < x1, then, according to Inequality (A1),

1— >\1)K+)\1:c1+:(:2
A1+1

w > uy e (M — DK+ (a—23) > M2 —a) < a> 1

M —1)K
A1

— Iy <y — and a < xo, then u; > uy < a > % — K according

1

(M—1)K
A1

to Inequality (A3). However, since xo < 27 — and a < x5, note that

A1 [Il—iul;ll)K] —T2
A—1

M-DK
A1 .

(A1—1)za

Alz1—x2 _
K - A1—1

A1—1

> = 29 > a. Hence u; < ug if a < x4

and 1y < 11 —

M-DK

= and a > 1, then uy > uy < a < AE=L2 L K according to

— Ifag <y — poT

Inequality (A4).

. . A1—1) 1-\) K+ xi4+z2 A
Conclusion: If 2o < 21 — (17 then Q(zq,2z2) = <( 1)/\1“1 LaaL 1;11 - —|—K>

Now we prove that Qs (21, 22) = (—00, b)U(c, +00), i.e., the set of voters who strictly

prefer Candidate 2, is a non-convex set. In the three cases (A.), (B.) and (B’.), it is easily
shown (replacing uy > us by uy = ug) that I(z1,29) = {b,c}. Given that Qy(z1,x9) =
R\ [ (z1, x9) U I(21, 22)], we obtain that Qs(xq,22) = (—00,b) U (¢, +00). B

A.2 Proof of Lemma 1

(k1+1)K (Al 1)K
We first show that (i.) [,_x Al)K fola)da = [ ] (AHI)K f-(a)da, and then that (ii.) 0 <
DR ESERIL
f(1 )\1)K cr dCL< f fg da i.e., that f fg f(l AI)K fo )da > 0.

(i.) Makmg the substitution u = —a, du = —da, we get:

M+DHK —M DK M -DK
X

| L= [ 0wt [ 7 f(-ad

(1-2 ) K A —DK
Al Al Al
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(M -1K M-1DHK
Given that f, is an even function, we have [ "1, . fo(—uw)du= [}, « fo(u)du
—5 —5

(ii.) Remark that

/ f,(a)da = /_ N f,(a)da + / : £, (a)da (A5)

(1-X)K
Al

and
(A DK K SR

bV} 1
ﬂlmK fola)da = ﬂlmK fola)da + /K fo(a)da (A6)
Al A1
Subtracting Equations (A5) and (A6), we get
(A1+1)K A=K M+ K

[ prtayia - Jusss Fe@ta= [ 7 fwaa= [ @i a7

)K K

(1=K

fo is an even function, so [, f,(a)da = fgflm fs(a)da. Equation (A7) is thus
A1

equivalent to:

M FDK K O +DK

/ fa(a da—%l ;)K fo(a)da = /%—“ fg(a)da_/K*l £o(a)da
_ /(K)K [fo(@ s <a+ %)} da  (A8)

The limits of integration in the right hand side of (A8) are positive, and f,(a) is strictly
decreasing on R, so [ fola) — fo (a + A—Ii)] > 0, and (A8) is strictly positive. The result

in Lemma 1 follows.l

A.3 Proof of Lemma 2

(A1+1)K

Let gi(0) = [._a Al)K fo(a)da and go(o f fs(a)da. According to Lemma 1, we
know that 0 < ¢1(0) < g2(0), Yo > 0.
A+ K
Recall the definition of f, and note that gi(0) = [,_ ;ll)K 2 fi(%)da. Let z = . Then
(DK
a A;SK z)dz: one can see that when o increases, gi(0) is an integral of f; on
Ao
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a smaller interval. Thus, o — ¢1(0) is a continuous and strictly decreasing function on

R, with
+oo
lim g,(0) = fi(z)dz=1and lim gi(c)=0
o—0t _ o—+00
Hence, there is a unique ¢* such that g;(c*) = %; moreover, gi(o) > % S o <ot
K
Now consider go(0) = [~ KK 1fi(%)da. Let z = 2. Then gy(0) = [ f1 )dz. When o

increases, go(0) is an integral of f; on a smaller interval. Thus, o +— 92(0') is a continuous

and strictly decreasing function on R, with

+oo
lim go(0) = fi(z)dz=1and lim go(c) =0

o—0T 0o o—~+00

S o< o

N[ =

Hence, there is a unique ¢** such that go(c**) = % Moreover, go(0) >
According to Lemma 1, g,(0) < g2(0), Vo > 0, which implies g,(0*) = 1 < g2(0*). Given
that g»(0**) = 3, then g2(0™) < g2(0*). Thus, o** > o* since g, is a strictly decreasing

function. Results (i.), (ii.) and (iii.) in Lemma 2 follow.H

A.4 Proof of Proposition 2

We prove (i.) first, i.e., if 0 < ¢*, Candidate 1 wins with certainty if he chooses

z; =0, Vo, € R. We thus have to show that if o < ¢*, then S1(0,25) = [ f,(a)da > 3
(A1+1)K

Vxo € R. Since 0 < 0*, we know from Lemma 2 that < [t e fo (a)da < f_K fo(a)da

Let’s consider the three possible cases: Case (A.) 25 € [—(AlAll)K, (’\1;11)1(}, Case (B.)

Ty > M, and Case (B’.) 75 < —W which correspond to Panels (A.), (B.) and

(B’.) in Figure 2 when z; = 0.

Case (A.) If 2, € —(’\1;11)1(, (’\1;11)1(] and r; = 27 = 0, then we know from Proposition
—x —x stk
1 that b = % — K and ¢ = 2 + K. If so, S1(0,22) = fﬁzl_K fo(a)da

A1—1

and 2—2(0,:)32) = %_llfa (;1“1 +K) pve 1f0 ( - K). Given that f, is an
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Case (B.)

Case (B’.)

Conclusion:

even function, f, (/\_1”?1 — K) = f, (/\1 - +K>’ gi; = = 1f0 (A—lrzl —I—K) +
1 T
n-ifo <A131

ing on R_, and strictly decreasing on R, then f, ( g+

). Furthermore, given that this even function is strictly increas-

) 2 5. (55 K)
— —|—K> if 29 > 0. Thatls%>0(:>

if 7, <0, Whllefg< —I—K)<fg(

xo < 0. Thus, x9 — S1(0,z5) is strictly increasing on [—%,0], and strictly
decreasing on [0, (’\1;71)1(1, and it has a minimum at z, = i—M. Note that

(/\1 1) (A1+1)K

S, (09;7%) = [ fol@)da and 51( _Ou=DK ) [ mK f,(a)da, and

Al
according to Lemma 1, we have S (O QuDK 1) ) Sh ( ()‘1 1 ) Now since
(>\1+1)K
o < o and given Lemma 2, we have S ( Al ). ) . Al)K fo(a)da > —; we

can thus conclude that 51 (0, z5) > S; (O, —M) > = Vg € [ i -DK (’\1_1)[(].

A1 A1 ’ A1
If x5 > M and 1 = x] = 0, then we know from Proposition 1 that b = 1?1 -K
A1—1D)K+zy
and ¢ = (M;% We thus have S1(0,2) = [ ., fo(a)da and 2210, 1) =

X1 — a1 K

/\11+1f0 ((M—)i)fi—l—:m) = 1f0 (m - —K) > 0. Then, zy — 51(0,z5) is strictly

M (M-1)

—i—oo), and has a minimum at xy = All K Consequently,

increasing on [

S1(0,29) > Sy (0’ %) Loy, > M

If x5 < —W and z; = ] = 0, we know from Proposition 1 that b = %
oy g

and ¢ = % + K. We thus have S1(0,z,) = 0 apkiey fo(a)da and g—j;(o,:@) =
PV

o 1f0 (/\_19021 +K> — /\11+1f(, ((1_111)+K1+x2> < 0. Then, x5 — 51(0,z) is strictly

decreasing on <—oo, —W} and has a minimum at xy = —W. Consequently,

51(0,22) > 5 (0, —W) > 1V, < _u-DK

A1

we have shown that if o < ¢*, then S(0, z5) > %, Vo, € R.

Now we prove (ii.), i.e., if 0 > ¢*, Candidate 2 wins with certainty if he chooses

x5 =0, Vx; € R. We thus have to show that if ¢ > ¢*™*, then Sj(z1,0 fb fo(a)da < =

M +DK

vz, € R. Since o > 0**, we know from Lemma 2 that [, ), f-(a)da < f fo(a)da < 3

Al
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Let’s consider the three possible cases: Case (A.) 77 € [—(’\1;1)[{, (M;l)K , Case (B.)
1 1

1 < —W, and Case (B.) z; > W which correspond to Panels (A.), (B.) and

(B’.) in Figure 2 when z, = 0.

Case (A.) If x; € [— Qu DK (Al_l)K] and xo = x5 = 0, then we know from Proposition 1 that

% oY
b= 25 K ande= M54 K. Tso, §1(21,0) = [l f,(a)da and 25 (z,0) =
= i and ¢ = {1 . If so, Sq(x1,0) = Mo o(a)da and 5t (z1,0) =
124
P 1fcr (i‘l”“l + K) _1 . <% — K). Given that f, is an even function, strictly

increasing on R_, and strictly decreasing on R, , f, (A”“ + K ) > fy (Alfl - K ) if

r1 < 0, while fC,()‘m +K> <f, <’\m +K) if £y > 0. That is 851 >0 1 <0.

M-DHK

Thus, x1 — Si(x1,0) is strictly increasing on [— v

,0], and strictly decreasing

on [O, %} and it has a maximum at x; = 0. 51(0,0) f fo(a)da, and since

koK

o > o™, we know from Lemma 2 that S;(0 f fola)da < % We can thus

conclude that Sy(z1,0) < 51(0,0) < 1, Vz; € [—(’\1;11”(, (’\1;11)[(]

Case (B.) If z; < —(M;il)K and o = x5 = 0, then we know from Proposition 1 that b =

(M —1DK+Xxq

:\\:fl — K and ¢ = Wf\)# If so, Si(z1,0) = fhzl Al; f-(a)da. Now remark
A (M —1DK+Xjxq

that if x; < — M then (=DETNMT () g G (2,0) = Jae, 0 fola)da <

>\1+1 A1—1 -K

f%_K fo(a)da < f_oo fola)da =3, ie., Si(z1,0) < 3, Va; < —W
=

Case (B’.) If 2y > XX 4nd 2y = 235 = 0, then we know from Proposition 1 that b =

A1
(1=M\)K+\a1 _ o M+
5y and e = 20 + KL I so, Si(21,0) = [0 kirs, fo(a@)da. Now remark
Apt1 .
that if z; > (Alil then % >0, 50 S1(21,0) = [ kin., fo(a)da <
Mo K A1+1
fOArl fo(a)da < fo+oo fola) = %v Vg > W

Conclusion: we have shown that if o > ¢**, then S;(z1,0) < %, Vi € R.

Finally, we prove (iii.), i.e., if 0 < ¢ < ¢*, there is no political equilibrium. Since
(q+DK
0* <o < o*, we know from Lemma 2 that [, !, fr(a)da <1 < f f»(a)da. Because

Al
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of Lemma 1, one of these inequalities must be strict, so without loss of generality, we
()\1+1)K

consider that [(,_3 Al)K fola)da < % < f f-(a)da. Now let (Z,,75) € R% We want to

show that (71, 7,) is not a political equilibrium. It is sufficient to prove that there exist

x1 and xy such that Sy(z1,T2) > % > S1(T1, z2). We proceed in two steps.

First step. We first show that S;(z1,7T2) > % if x; = f—f, VZs.

< u-DK

< S5 We are thus in Case

—Ifz € [—K, K], then |f2 —xl‘ — ‘(M;ll)fz

A)), where b = A8=%2 _ K and ¢ = M8=F2 4 [ (see Proposition 1). Given
A1—1 A1—1

that x; = f—f, then b = —K and ¢ = K, so S (%,Eg) = f_JrIf fola)da > 3.

— If 7o > K, then Tp — 21 = (M;ll)@ > (M;ll)K. We are thus in Case (B.),
— M M- K+ z1+T2 . .

where b = 2185 K and ¢ = v (see Proposition 1). Given

that ; = §2, then b = —K and ¢ = (’\1_/\11)# > K (since To > K). Hence,

(A —D K427

S1 (f—f,@) =[x M f (a)da > f_KK fo(a)da > %

% < UK We are thus in Case (B,

—Iffg<—K, then @, — 11 = X

where b = (1_)‘1)?{1’\11“%2 and ¢ = 8= 4 [ (see Proposition 1). Given that

T, = ;_f then b = W# < —K (since Ty < —K) and ¢ = K. Hence,

Si (f—?,@) = f(lfkal)frg@ fo(a)da > f_KK fo(a)da > %
1
Second step. We now show that S1(Z,z5) < % if x5 is such that: o = T; — (Alil vz, > 0,
and 1o = T + W, Vz; < 0. For any Zj, we are thus in Case (A.), where
b= D=tz — [ and ¢ = L= 4 K (see Proposition 1).

1—

— If 7; > 0, and given that z, =7 — (’\171 , then b = 1—I—W and ¢ =T +

Cu+1)K u—1)K x1+(k1+1)K (A1+1)K
1 — — 1— _
N, 50 Sy (1'1#”1 I v > = f L= Al)K fa( da < fu Al)K fa( )da <

1

5
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- Ifz; <0, aundgiventhat:ltgzfljLM thenbzfl—w and ¢ =T +

_— ) 0= 1)K 1=K
1>\1 , S0 S (1'1#”1 + 71 > = f (A1+1)K fa( )da < f_(xllﬁ)x fa(a)da
x

T1+

(M 1)K (M +DK
Because of Lemma 1, we know that [ 1.« fo(a)da = [, 1)« fr(a)da, so
Y A

(>\1+1)K

1
_ A —1) 1
Sy (931, + aZDK % ) < fuoa mx ol <3

Conclusion: we have shown that if 0* < o < ¢**, then there is no political equilibrium.H

A.5 Proof of Proposition 3

We prove (i.) first, i.e., if 0 < 0%, then X] = (—a, a) where « is the unique positive
A1+ K

real which satisfies fo;(lfjllm f(a)da = L. Moreover, we prove that a € (O, (/\1;11)K>’
at =

(M —1)K
N

o — a(0) is a decreasing function on (0, 0*], with a(¢*) = 0 and lim, o+ a(0) =

We proceed in three steps.

A +DEKE
First step. First we show that there is a unique positive real « satisfying f a+(1,§11) x fo(a)da =
(0% T

L and o € (O,M). Since o < o*, we know from Lemma 2 that i <

2 A1 2
(A1+1)K

fax Al)K s(a)da < f_KK fo(a)da. Now let g(v) = fvvjlf s(a)da, for v € R, we

have g) = fo(v+ K) — f,(v— K). Given that f, is an even function strictly
increasing on R_, and strictly decreasing on R, f, (v+ K) < f, (v — K) if v > 0,
and f, v+ K) > f,(v—K) if v < 0. It implies that g is an even continuous
function, strictly increasing on R_, and strictly decreasing on R . Since g (/\—Kl> =

A +DK

f(l,jll)K fo(a)da > % and g(K) = fO2K fo(a)da < f0+°° fo(a)da = %, there exists a
AL

unique vg > 0 such that g(vg) = 5. And we must have /\—Kl < vy < K. Now let
a=uvy—L then 0 < o < & 11 . Given that g(vg) = f?_i{ »(a)da = 1,
A +DE
K CE+T 1
_ — — A
! <a+ Al) /w“i”” fola)da =3 (49)
1

Second step. Now we show that X = (—a, a).
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— First, we show that if x; € (—a, «), then z; € X7, i.e., Si(z1,29) >

Consider the three possible cases: Case (A.) —W < qp— oy < DK

Case (B.) xo > x1 + %,

— )\1 )

K ()\1—1)K

and Case (B".) xp <1 — =7

Case (A) If — >‘171<x1 x2§()‘1)\711 thenb—Alfll T2 Kandc—)‘“” m—l—K

Case (B.)

Case (B’.)

Conclusion:

Ajwy— wz

K
(see Proposition 1). So Sy(x1, z2) f/\1r1 -, +K fo(a)da = g <)\1:c1—:c2)'

A1—1

If—% < 1 —19 < % and —a < 77 < a (so —(A\; — Da <
(A — Dy < (A — 1)), then adding these two inequalities we obtain
—()\1 — 1) (Oé + )\—Kl) < )\1!13'1 — T < ()\1 — 1) (Oé + %) DlVldlIlg by ()\1 —

1), then — (oz + %) < % < o+ /\—Ii Since g is an even function,

strictly increasing on R_, and strictly decreasing on R, , then g (%) >

g (a + %) = 1 (see Equation (A9)). Hence, if 21 € (—a, @), Si(z1,x2) >

%, va S [l’l - 7()\1;11)1(, T+ 70\1;11)](} .

If 2o > 21 + ()‘1 1) , then b = AB=22 _ [ and ¢ = Q- DRFM 1122 - (gee
A— A1+1

(M DE+ Nzt
Proposition 1), and Sy (z1,22) = [y, ' fs(a)da. Thus, it is easy

A1z —T9
N1 —K

to see that if x9 > z; + (’\1 LK , then Sy(x1, ) is an increasing function of

xo, and Sy (x1,z2) > S (931,:51 + M) with S (931,:51 + M) > %
according to Case (A.). Hence, if 1 € (—a, ), Si(z1,29) > %, Vay >
513'1 _I_ ()‘1;11)[(

If 29 < 21 — (’\171 then b = 1= Al)iﬁ’\f“”z and ¢ = % + K (see

)\1)\117112 —|—K
Proposition 1), and Sy (21,22) = [} kir e, 10, fo(a)da. Thus, it is easy
PO

to see that if x9 < x7 — W, Si(x1,xs) is a decreasing function of

X, and Sl(l’l,LUQ) > Sl (Il,l’l %) with Sl (l’l,xl — %) > %

according to Case (A.). Hence, if z; € (—a, ), Si(z1,22) > %, Va, <

(M-1DK

Ty — N

we have shown that if x; € (—a, a), then z; € X7.
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— Second, we show that if 7 ¢ (—«,«), then x; ¢ X{. Assume that z; > a,

and consider x5 = z; — X=YE  We are then in Case (A.), and Si(z1,x2) =

A1
A1>\ac1 1962 +K MJ’_K +(>\1+1)K «
Sogihs g ol =[ " e folada= [ o i Sola)da =g (0 + ).
1=t o - Mk

N1
Given that z; > «, then z; + /\—Kl > o+ % Since ¢ is strictly decreas-

ing on Ry, then g <x1 + %) <y (a + /\51) = 3 (see Equation (A9)). Thus,

for each z; > «, there exists xs such that Si(xy,z5) < %, so x1 ¢ Xj.
o . . B (M —1)K o
Similarly, if 27 < —a, consider xy = 7 + B v We are again in Case
BN O St 9249
ATy — xZ—i—K A1 ; A +K
_ 1—1 _
(A.), and Si(z1,79) = fAm g fola)da = fhxrxrul;nK fo(a)da =
M A1—1 L -K
I1+(A171)K
X K K K
fml_mﬂlm s(a)da = g (:cl — /\—1>. We have 21 < —a, so 21 — 5~ < —a — .
A1

Now recall that g is an even function so g( - — /\—Kl) =g (a—l— /\—Kl) = 3

(see Equation (A9)). And given that g is strictly increasing on R_, then

g (:L'l — /\—Ii) <g <a+ /\—Ii> = % Thus, for each 7 < —a, there exists o

such that Sy(z1,z2) < 1, s0 21 ¢ X7

Conclusion: we have shown that if x; ¢ (—a, «), then 27 ¢ X;. Given that we have also

shown that if z; € (—a, a), then x; € X7, it implies that X = (—a, ).

Third step. It remains to show that o — «(0) is a decreasing function on (0, o*|, with a(c*) =0

and lim, o+ a(0) = W :

— First, we show that o — «(0) is a decreasing function on (0,0*]. We know
MRESES

from Equation (A9) that G(o,«a) = g¢ <a+ %) 3=/ LK )\1)K fo(a)da —

«

oG

1 = 0. The implicit function theorem gives % = —2z. Let z = %, 50
M +DK e

ok ALK a2l

G(O’,Oz) = f La- All)K Ufl( )da— 7 = fa+(1—}1)K fl(z>dz _% = 0 and g_f =

1

ag QDK a+<A1+1)K o C1-DE o 11K
— S f + M - . Now recall that we have

02 o o2 o

(first step of this proof), so g—f < 0. Concerning
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= fs (a + (’\1+1) ) fo (oz + (2K ’\1) ) given that f, is an even function,
strictly increasing on R_ and strictly decreasing on R, f, (oz + W) <
fo (a + - Al)K) and g—g < 0. Since 96 and ¢ <0, then 2@ < () accord-

ing to the implicit function theorem. Hence o +— «(0) is a decreasing function

n (0,0%].

— Second, we show that a(c*) = 0. According to Lemma 2, 0* is defined by
(A1+1)K a (A1+1)K

S M)K for(a)da = . We also know from Equation (A9) thatf La- Al)K f-(a)da =

5. It is thus obvious that if ¢ = ¢*, then we must have o = 0.

— Third, we show that lim,_,o+ a(c) = W According to Equation (A9), «
()\1+1)K
is defined by f +(1 M)K fola)da = % Let z = 2. We then obtain that o = a(0)
(A1+1)K

1
is defined by f [[ +(1 apu] fi(z)dz = 1. o+ a(0) is a decreasing function on

€ (0,0%), with 0 < a < W, i.e., 0 — (o) is bounded. Thus there is a

(Al—l)K}

limit o = lim, o+ a (o), with ag € [0, -

lim

A +1)K MH1K
l[a-{-( 1+ 0ﬁ0+%[a+( 1/\1)

We must have lim, g+ ff[a+(1:\11)K]] fi(z)dz = [ (1A1)K]] fi(z)dz =

: 1
lim, o+ [‘”T

. _ (LR oo -
fim o+ H‘“%] hi(z)dz = 5. Tao < , then flimﬁm %[our%] fi(z)dz =
[T fi(z)dz = 1 # 1. Tt is impossible, thus a; = W’ and we have
+o00 100
T fi(z)dz = [ fi(z)dz = 3.
c—0t & 1

Conclusion: we have shown that o — «(0) is a decreasing function on (0, 0*], with a(c*) = 0

(M—1)K
A :

and lim, o+ a(0) =

Now we prove (ii.), i.e., if 0 > ¢**, then X; = (=, ) where (3 is the unique positive

real which satisfies SUP,, 5 Ou DK Si(zq,8) = % Since o > 0**, we know from Lemma 2
- 1

that f_Jrf(( fola)da < % For a given x5, let us set:

My (zo) = sup Si(x1,m9) = sup  Si(xy,x9)

AM-DK .
13 \x1—x2|§7( 1A1) @1; Case A
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Mp(x9) = sup Si(x1,m9) = sup  Si(xy,x9)

x1; xlgxz—w z1; Case B
My (x9) = sup Si(z1,20) = sup  Si(z1,22)
M x1; Case B’

x1; x1>x2+

M (x9) = sup Sy (1, x3) = max(Ma(xs), Mp(x2), My (x2))

1
Remark that each sup is in fact a max since S; is continuous and Si(xy,z5) — 0 if

x1 — Foo. Now, consider the three cases, Case (A.), Case (B.), and Case (B’.).

Az1— LS i Blib B

Case (A.) If z; € [@—M,@jLW}, then Si(z1,22) = [ Mt (a)da (see

A1 A111 e

Proposition 1). Remark that the length of the interval Ql(l’l,l’g) is 2K for all
R i Rt

K
T € |:LU2 — W o+ QDK ] We then have fAl“ . fo(a)da < fj[f f-(a)da

r1— Q”2 K

since [—K,+K] is the interval of length 2K on Wthh the integral of f, has the

highest value. Thus S)(z1,22) < f—+1[<{ fo(a)da < 5. Tt implies that My(zs) =

1
Sup,, . CaseASl(xlﬁxQ) < 92"

M-V K+ Nzt
Case (B.) If 71 < 2y — W, then Sy (21, 72) = [y, " f~(a)da (see Proposition 1).

121 =29
X1 K

05,

Here o

> 0, thus x5 — Mp(z,) is an increasing function. Moreover M (0) < 3
according to Proposition 2 (ii.), thus Mz(0) < M(0) < 3. Since limg,_, 4o Mp(z2) =
1 and Mp is a continuous strictly increasing function, thus: there exists a unique

B > 0 such that Mp(S) =

1
5

— If z, > 3, then Mp(x2) > 3, thus M(z2) > %, which implies that z, ¢ X3.

1
27

— If 0 < 25 < B, then Mp(zy) < L.

)

Az =@ g

Case (B’.) If 1 > x5 + M , then Si(z1,22) = [ X;}Hlxﬁw fo(a)da (see Proposition 1).
Ap+1

Here g—ié < 0, thus @y — Mp/(x) is a decreasing function. Moreover M(0) < %

according to Proposition 2 (ii.), thus Mp/(0) < M(0) < 3, and lim,, e Mp/(22) =
1. By symmetry (since f, is an even function), for the same 5 > 0, we have

Mp(8) = %
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— If 2y < =, then Mp/(z3) > 5, thus M(x9) > =, which implies that x5 ¢ X;.

1 1
27 2>

— If =8 < x5 <0, then Mp/(x9) < %

Conclusion: To sum up, we have:

— If 2y > B or xo < —f, then xo ¢ Xj.

— If 0 < x5 < B8, then Mp(x,) < 3. Since Ma(z2) < 3 and My (x2) < Mp(z2)

2

for z5 > 0, we can conclude that M(zs) < 3, i.e., 75 € X3.

— If =8 < 29 <0, then Mp/(x9) < 5. Since M (z3) < % and Mp(zy) < Mp(2)

1
2

for x5 <0, we can conclude that M(z2) < 3, i.e., 25 € X;.W

A.6 Proof of Proposition 4

We proceed in three steps.

First step. We first show that A; — ¢*(\;) is an increasing function on (1,400). Recall that

according to the proof of Lemma 2 in Appendix A.3, o* is unique and defined by:

M +DHK 1
¥\
*
1(c™) = 1(2)dz = = A10
)= [ pz = (10
o*
. 991 P
Using the implicit function theorem, we know that z% = —5+. We have 34 =
(A +DK M+DE A=K (A-rpDK o ° (A1+1)
X X X A 9 — 1
_ 0*12 fl < 01 )‘l‘ 0*12 fl ( 01 ) < 0. Concernlng L = *Azf ( T

p /\2 fi <(1 A1) ) given that f; is an even function, strictly increasing on R_ and

strictly decreasing on Ry, fi (%) < h ( 0= Al ) thus 691 > 0. Since ggi <0

and 691 > 0, then > 0 according to the implicit function theorem.

Second step. Now we show that limy, ,1+ 0*(A;) = 0. According to Equation (A10), o* = o*(\;)
(>\1+1)K
is defined by [,}7 aank f1(z)dz = %, for all Ay > 1. Ay — o0*(\;) is an increasing

Aqo*
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Third step.

Conclusion:

function on A\; > 1, with o*(\;) > 0, i.e.;, Ay — ¢*(\;) has a lower bound on

A1 > 1. Thus there is a limit of = limy, 1+ 0*(\;), with of > 0. We must
M +DK lim, ., OpELE
Aqo* —1 Ao 1
have limy, 1+ [} aank fi(z)dz = fl R, il)K fi(z)dz = 5. If o5 > 0, then
RS lm/\1~>1+ RS
lim, s OIFDK _K
Aqo* 0' . . .
fr Tk fi(z)dz = [ fi(2)dz < 3. Tt is impossible, thus of = 0, and we
1m
A1—1 )\10'*

MK

hmxla1 1o+ i
find [ +(1km1r< fi(2)dz= 0+ fi(z)dz = %

hm)\1~>1+ Apo*

kok

We finally show that limy, 440 0%(A1) = 0™, and that ¢** does not depend on
A1. First, recall that according to the proof of Lemma 2 in Appendix A.3, o**
is defined by go(o f x 0**f1 (o) da = % thus ¢** does not depend on A;.
Second, A; — ¢0*(\1) is an increasing function on \; > 1, with 0 < o*(\;) < o**,

e., Ay — 0*(A1) has a upper bound on A; > 1. Thus there is a limit ¢}, =

O+ DK
im0 0% (A1), with 0 < o, < 0™, We must have limy, 1o [, k;‘l’)*K fi(2)dz =
Apo*
lim/\ +o00 ()\1+O_1,2K K . %
fr v (1A§1)K fi(z)dz = K fi(z)dz = 5. Since [7 fi(z)dz = 5, then o7, =
Xy 400 “xXyo% 0% a**

o ie, limy, 1000 (N) = 0™

We have shown that A\; — o0*()\;) is an increasing function on (1,+00), with

kok

limy, 1+ 0*(A1) = 0 and limy, 100 0"(A1) = o™, and that ¢ does not depend

on \;. N
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