Cournot duopolies with investment in R&D:
regions of Nash investment equilibria

B.M.P.M. Oliveira'?, J. Becker Paulo?, A.A. Pinto??
L' FCNAUP, University of Porto, Portugal
2 FCUP, University of Porto, Portugal
3 LIAAD-INESC TEC, Porto, Portugal

Abstract

We study an economy with a single sector under Cournot competi-
tion with complete information, in a game with two subgames. In the
first subgame, the firms can make investments in R&D to reduce their
production costs. In the second subgame, after the cost reduction,
the firms choose their optimal output quantities in the usual Cournot
competition. The second subgame has a unique perfect Nash equi-
librium. Depending on the parameters and on the final costs, after
investment, a firm may be in Monopoly, in Duopoly or out of the
market (corresponding to a Monopoly of the other firm). Further-
more, the investment is also dependent on the parameters and on the
initial costs. It can be categorized as follows: nil investment, when
neither firm invests; single investment, when only one firm invests;
competitive investment, when both firms invest. Depending on the
parameters, we have found regions in the parameter space with one,
two or three Nash investment equilibria. We study the effect of the
parameters in these regions, in particular we study the effect of prod-
uct differentiation, giving special attention to regions with multiple
Nash equilibria.
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1 Introduction

This working paper is based on our work in [6]. We consider a Cournot
duopoly competition model where two firms invest in R&D projects to re-
duce their production costs. This competition is modeled, as usual, by a two
stages game (see [1, 8]). In the first subgame, two firms choose, simultane-
ously, R&D investment strategies to reduce their initial production costs. In



the second subgame, the two firms are involved in a Cournot competition
with production costs equal to the reduced cost determined by the R&D in-
vestment strategies chosen in the first stage. We use an R&D cost reduction
function inspired in the logistic equation that was first introduced in [8].

We consider two firms that are identical except, at most, in their produc-
tion costs. We present the Perfect Nash equilibria of this two stages game
and we study the economical effects of these equlibria. The second subgame,
consisting of a Cournot competition, has a unique perfect Nash equilibrium.
For the first subgame, consisting of an R&D cost reduction investment pro-
gram, we exhibit four different regions of Nash investment equilibria that we
characterize as follows: a competitive Nash investment region C' where both
firms invest, a single Nash investment region S; for firm Fj, where just firm
Fy invests, a single Nash investment region S, for firm Fy, where just firm
F, invests, and a nil Nash investment region N, where neither of the firms
invest (see [8, 9]).

The Nash investment equilibria are not necessarily unique. The non
uniqueness leads to an economical complexity in the choice of the best R&D
investment strategies by the firms. For high production costs, that can cor-
respond to the production of new technologies, there are subregions of pro-
duction costs where there are multiple Nash investment equilibria: a region
Rg,nc where the intersection between the single Nash investment region S;
and the competitive Nash investment region C' is non-empty; a region Rg,ns,
where the intersection between the single Nash investment regions S; and S,
is non-empty; a region Rgs,ncns, Where the intersection between the single
Nash investment regions S; and Sy and the competitive Nash investment
region C'is non-empty. When we compare the cases symmetric efficient (SE)
and symmetric inefficient (SI), we observe that, in the SI-scenario, the single
Nash investment regions S; and S; increase in size and so the competitive
Nash investment region C' becomes smaller. In the asymmetric case (A), we
observe that the single Nash investment region Sy of firm F; is considerably
bigger due to its advantage in the R&D cost reduction program efficiency.

2 R&D investments on costs

The Cournot duopoly competition with R&D investments on the reduction
of the initial production costs consists of two subgames in one period of time.
The first subgame is an R&D investment program, where both firms have



initial production costs and choose, simultaneously, their R&D investment
strategies to obtain new production costs. The second subgame is a Cournot
competition with production costs equal to the reduced cost determined by
the R&D investment program. As it is well known, the second subgame has
a unique perfect Nash equilibrium.

2.1 The R&D program

We consider an economy with a monopolistic sector with two firms, F; and
F5, each one producing a differentiated good. The inverse demands p; are
linear:

pi = a — Bq; — g5, (1)

with parameters a > 0, § > 0 and v. We assume that v > 0 and thus the
goods are substitutes. The firm F; invests an amount v; in an R&D program
a; : Ry — [bi, ;] that reduces its production cost to
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Next, we explain the parameters of the R&D program: (i) the parameter
¢; is the unitary production cost of firm F; at the beginning of the period
satisfying ¢;, < ¢; < «; (ii) the parameter ¢ is the minimum attainable
production cost; (iii) the parameter 0 < ¢ < 1 has the following meaning:
since b; = a;(+00) = ¢; — €(¢; — ¢r), the maximum reduction n; = €(¢; — ¢r)
of the production cost is a percentage 0 < € < 1 of the difference between
the current cost ¢; and the lowest possible production cost cr; (iv) the pa-
rameter \; > 0 can be seen as a measure of the inverse of the quality of the
R&D investment program for firm F; and is directly related to what we call
efficiency of the R&D investment program that we define next (a smaller );
will result in a bigger reduction of the production costs for the same invest-
ment). The R&D investment program of firm F is more efficient than the
R&D investment program of firm F; if and only if with the same investment
v1 = vy = v, the new cost obtained by firm Fi, a;, is smaller or equal to the
new cost obtained by firm Fy, as, i.e a;(v) < ag(v). This R&D program was
first introduced in [8].

ai(vi) = C; —



2.2 Optimal output levels
The profit m;(g;, g;) of firm F; is given by
i (g, Qj) = qi(o — Bg; — Yq; — a;) — vi, (3)
for i,j € {1,2} and i # j. The Nash equilibrium output (¢, ¢5) is given by
0, if R; <0

q;k: Rz,ZfO<RZ<a;;¢]7 (4)

oo if R > %

where
2(a — ;) — y(a — ay)
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with 7,7 € {1,2} and i # j. Hence, if R; < 0 the firm Fj is at monopoly
output level and, conversely, if R; > (o — a;)/v the firm F; is at monopoly
output level and for intermediate values 0 < R; < (a — a;)/7, both firms
have positive optimal output levels and so we are in the presence of duopoly
competition. From now on, we will always consider that both firms choose
their Nash equilibrium output (g, ¢3).

R, =

2.3 New production costs

The sets of possible new production costs for firms F; and Fy, given initial
production costs ¢; and ¢y are, respectively,

A = A1(61702) = [51761] and A, = A2(61,C2) = [52702],

where b; = ¢; — €(¢; — ¢p), for i € {1,2}. The R&D programs a; and as of
the firms determine a bijection between the investment region Rf x R of
both firms and the new production costs region A; x A,, given by the map

a:(al,ag) : ROJrXR(T — A1XA2
(v1,v2) = (ai(v1), az(v2))
where
a;(v;) = ¢; — it
(2 K3 (] )\,L + ’UZ‘
We denote by W = (W1, W) : a(Rf x RY) — RS x R
Ailci — a;
Wi(a;) = Ailei—ai)
ni — (ci — ai)
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the inverse map of a.

The new production costs region can be decomposed, at most, in three
disconnected economical regions characterized by the optimal output level of
the firms:

My The monopoly region M, of firm F| that is characterized by the
optimal output level of firm Fj being the monopoly output and,
so, the optimal output level of firm Fj is zero;

D The duopoly region D that is characterized by the optimal output
levels of both firms being non-zero and, so, below their monopoly
output levels;

My The monopoly region My of firm F; that is characterized by the
optimal output level of firm F; being the monopoly output and,
so, the optimal output level of firm F} is zero.

The boundaries between the duopoly region D and the monopoly region M;
are [y, with ¢ € {1,2} and are presented, explicitly in [8, 9, 10].

In equilibrium, i.e. when both firms choose their optimal output levels,
the profit function 7; : A; x A; — R of firm F}, in terms of its new production
costs (ag,as), is a piecewise smooth continuous function given by

Ting, i (a1,a2) € M,;
7Ti(CL17a2> - T3.D if <a17a2) eD ;

—Wi(al,ag), if (CLl,CLQ) S Mj

where
2
o — a;
T M; = Wi,Mi(alaa%Cl;CQ) = % - Wi<a1;a2>7
200 —a;) —v(a — a; 2
Ti,D = 7Ti,D<a17a2;Clyc2>:6( /B( 452—15 J)) _Wi(a17a2)-

2.4 Nash investment regions

Let Vj(v;) be the best investment response function of firm F; to a given
investment v; of firm Fj. The best investment response function V; : Rf —
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R$ of firm Fj is explicitly computed in [8]. Note that the best investment
response function V; : R — RJ can be a multi-valued function.

Let ¢; be the minimum attainable production cost and « the value to
buyers. Given production costs (c1, ¢2) € [cr, @] X[cL, a], the Nash investment
equilibria (vi,vy) € Ry x RJ are the solutions of the system

where V; and V5 are the best investment response functions computed in the
previous sections.

All the results presented, hold in an open region of parameters (cr, €, @, 3, 7)
containing the point (4,0.2,10,0.013,0.013). The parameter \; that mea-
sures the efficiency of the R&D investment program, i.e the smaller the \;,
the more efficient the R&D investment program, is the parameter we are
interested in studying. In the case we referred to as symmetric efficient, \; is
equal to 10; in symmetric inefficient case, \; is equal to 20; in the asymmetric
case, A1 is equal to 30 and A, is equal to 10.

We observe that the Nash investment equilibria consists of a unique, or
two, or three points depending upon the pair of initial production costs, as we
will explain throughout the chapter. The set of all Nash investment equilibria
form the Nash investment equilibrium set. We discuss the Nash investment
equilibria by considering the following three regions of production costs:

C the competitive Nash investment region C that is characterized
by both firms investing;

S; the single Nash investment region S; that is characterized by only
one of the firms investing;

N the nil Nash investment region N that is characterized by neither
of the firms investing.

3 Nash investment equilibria

In this section we compare the Nash investment equilibria dependency on
the parameters 3, € and v . We observe the existence, in the three distinct
cases, of four different regions of Nash investment equilibria: a competitive
Nash investment region C' where both firms invest, a single Nash investment
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region S for firm Fj, where just firm F) invests, a single Nash investment
region S, for firm F;, where just firm F, invests, and a nil Nash investment
region N, where neither of the firms invest.

B

Figure 1: A: Full characterization of the Nash investment regions in terms of
the firms’ initial production costs (¢1, ¢3). The monopoly lines [, are colored
black. The nil Nash investment region N is colored grey. The single Nash
investment regions S; and Sy are colored blue and red, respectively. The
competitive Nash investment region C'is colored green. The region where S;
and Sy intersect are colored pink, the region where S; and C' intersect are
colored light blue and the region where Sy and C' intersect are colored yellow.
The region where the regions S, So and C' intersect are colored light grey.
B: Nash investment regions in the high production costs region, ¢; € [9, 10].

Let R = [cp, ] X [cr, a] be the region of all possible pairs of productions
costs (c1,c9). Let A° = R — A be the complementary of A in R. The
intersection between different Nash investment regions can be non-empty: (i)
the intersection Rg s, = S1 N S5 N C between the single Nash investments
regions Sy and Sy can be non empty; (ii) the intersection Rong, = C'NS; N
S¢ with ¢ # j between the competitive Nash investment region C' and the
single Nash investment region S; can be non-empty; (iii) the intersection
Rs,nons, = S1 N C NSy between the competitive Nash investment region C
and the single Nash investment regions S; and Sy can be non-empty.

Let us consider the region of high production costs, that can correspond to
the production of new technologies, where there are multiple Nash investment
equilibria. In this section, we exhibit the production costs that correspond
to the existence of multiple Nash investment equilibria. We observe that
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the intersection Rg,ns, = S1 N .Sy N C° between the single Nash investments
regions S; and Sy is non empty. Thus, in this region we have two equilibria:
a single Nash investment equilibrium to firm F; and a single Nash investment
equilibrium to firm F,. We also observe that the intersection Rong, = C'N
S;N S5 with ¢« # j between the competitive Nash investment region C' and the
single Nash investment region S; is non-empty. Therefore, in this region we
have two Nash investment equilibria, one single Nash investment equilibrium
for firm F} and a competitive Nash investment equilibrium. Finally, we see
that the intersection Rg,ncns, = S1 N C NSy between the competitive Nash
investment region C' and the single Nash investment regions S; and Sy is
non-empty. Thus, we have, simultaneously, a competitive equilibrium, a
single favorable Nash investment equilibrium for firm F; and a single Nash
investment equilibrium for firm F5. This aspect enhances the high complexity
of the R&D strategies of the firms, for high values of initial production costs.

We will observe the effect on the regions when we change the following
parameters: § = 5 = (33, (lower values of § correspond to higher quantities
being produced); € = €; = g, (higher values of € correspond to more efficient
R&D projects to reduce the production costs); and 4 = ﬁ, (lower values
of 4 correspond to higher product differentiation). Their default values will
be f =0.0013, e = 0.2 and 4 = 1.

We observe in Figure 2 that when [ increases, the region of competitive
investment decreases. The regions with multiple Nash Equilibria are present
for intermediate values of 5.

B: 0.0002 0.0005 0.0013 0.0050 0.0100

Figure 2: Effect of £ in the regions of Nash investment equilibria. Top row:
production costs in [4,10]. Bottom row: zoom with production costs in
9,10]. e=0.2 and ¥ = 1.



We observe in Figure 3 that when € decreases, the region of competitive
investment decreases. The regions with multiple Nash Equilibria are present
for intermediate values of e.

€ 0.50 0.30 0.13 0.05 0.03

Figure 3: Effect of € in the regions of Nash investment equilibria. Top row:
production costs in [4,10]. Bottom row: zoom with production costs in
9,10]. B =0.0013 and ¥ = 1.

We observe in Figure 4 that when ~ decreases, the region of competitive
investment increases and the regions with multiple Nash Equilibria shrink.

5 1 0.8 0.5 0.2 0

Figure 4: Effect of v in the regions of Nash investment equilibria. Top row:
production costs in [4,10]. Bottom row: zoom with production costs in
[9,10]. #=0.0013 and € = 0.2.



4 Conclusions

We used an R&D investment function inspired in the logistic equation intro-
duced in [8] and found all Perfect Nash investment equilibria of the Cournot
competition model with R&D programs. We described four main economic
regions for the R&D deterministic dynamics corresponding to distinct per-
fect Nash equilibria: a competitive Nash investment region C' where both
firms invest, a single Nash investment region for firm F, S, where just firm
Fy invests, a single Nash investment region for firm F5, S;, where just firm
F5 invests, and a nil Nash investment region N where neither of the firms
invest. The following conclusions are valid in some parameter region of our
model. We showed, following [8], the existence of regions where the Nash
investment equilibrium are not unique: the intersection Rg s, between the
single Nash investment region S and the single Nash investment region S is
non empty; the intersection Rg,~¢c, with between the single Nash investment
region S; and the competitive Nash investment region C' is non empty; the
intersection Rg,~cns, between the single Nash investment region Sy, the sin-
gle Nash investment region S5 and the competitive Nash investment region
C' is non empty. In this article we observed the persistence of these regions
and described how these regions change as we change the parameters [, €
and v of the R&D programs of both firms.
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