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Abstract

We consider a pure exchange asset model with a finite number of agents
and a finite number of states of nature where short sells are allowed. We
present the definition of weak no-arbitrage price, a weaker notion of no-
arbitrage price than the one of Werner, and prove that if the utility func-
tions satisfy the maximal and closed gradients conditions we propose in
this paper, then there exists an equivalence between existence of a general
equilibrium and existence of a price which is weak no-arbitrage price for
all the agents.
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1 Introduction

In economic models of financial markets, where short-sales are allowed, the
case of a finite number of states is well-treated in a huge literature. Since the
consumption set is not any more compact, the literature focus on conditions
which ensure the compactness of allocation set or of the utility set. These
conditions are known as no-arbitrage conditions. We can classify them in three

categories:
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e Conditions on prices, like Green [16], Grandmont [14], [15], Hammond
[12] and Werner [21],

e Conditions on net trade, like Hart [13], Page [18], Nielsen [17], Page and
Wooders [19], Allouch [1], Page, Wooders and Monteiro [20],

e Conditions on utility set, like Brown and Werner [5], Dana, Le Van, Mag-
nien [8].

A natural question arises. Under which conditions there is an equivalence
between these conditions. In [2], Allouch, Le Van and Page prove the equiv-
alence between Hart’s condition and No Unbounded Arbitrage of Page with
the assumption that the utility functions have no half-line, i.e. there exists
no trading direction in which the agent’s utility is constant. These conditions
imply existence of a general equilibrium. But the converse is not always true,
i.e., the existence of equilibrium does not ensure these no-arbitrage conditions
are satisfied. We can find in Ha-Huy and Le Van [11] an example of economy
where these conditions fail but an equilibrium exists.

In this paper, we extend the idea of Dana and Le Van in [7] by using weak

no-arbitrage price, a no-arbitrage price weaker than the one in Werner [21],
or in [2]. Following [7], we use the derivatives of utility functions as weak no-
arbitrage prices. Under the conditions of closed gradient (condition C), which
is similar of the one of Chichilnisky [6], or maximal condition (condition M)
for the utility functions, we can establish the equivalence between existence
of a price which is weak no-arbitrage for every agent and existence of general
equilibrium. Moreover, these conditions are equivalent to the compactness of
the individually rational utility set. We emphasize that in our paper existence
of half-lines i.e. trading directions in which the agent’s utility is constant is not
excluded.
The paper is organized as follows. In Section 2, we present the model with
the definitions of equilibrium, individually rational attainable allocations set,
individually rational utility set, useful vectors and useless vectors. In Section
3, we review some no-arbitrage conditions in the literature. In particular we
define weak no-arbitrage prices. Section 4 links usual no-arbitrage conditions
and existence of equilibrium. In Section 5, we introduce C, M conditions. In
particular we show that a separable utility satisfies these conditions. In Section
6, we introduce the assumption that the utility functions, if they do not satisfy
No Half-line condition then they satisfy either C or M. We then prove equiv-
alence between the existence of a price which is weak no-arbitrage for every
agent and existence of a general equilibrium. Moreover, these conditions are
equivalent ! to the compactness of the individually rational utility set. Section
7 is the appendix where we put most of the proofs.



2 The model

We have an exchange economy £ with m agents. Each agent is characterized
by a consumption set X? = RS, an endowment e’ and a utility function U? :
RS — RS. We suppose that sup,cgs U(x) = +00.

For the sake of simplicity, we suppose that utility functions are concave,
strictly increasing and differentiable. In the general case of concave functions,
the sub differential of U’ exists. The results and economic intuitions do not
change, but the computations become tedious.

We first define an equilibrium of this economy.

Definition 1 An equilibrium is a list ((:L'“)Z:lm,p*)) such that ** € X* for
every i and p* € RY \ {0} and
(a) For any i, Ul(x) > Ul(z*) = p* -z > p* - €'

(b) 2%, = >ty e’

Definition 2 A quasi-equilibrium is is a list ((:c*i)izl,m’m,p*)) such that ' €
X' for every i a@d p* € ]ng_ \{0} and |
(a) For any i, U'(z) > U'(z*) = p*-x > p* - ¢

(b) Zzll = 27@11 e'.

Since short-sales are allowed, from Geistdorfer-Florenzano [10], actually any

quasi-equilibrium is an equilibrium.

Definition 3 1. The individually rational attainable allocations set A is de-
fined by

A= {(z') € (R Zm::ﬁ = zm:ei and U'(z") > U'(e") for all i}.
i=1 i=1

2. The individually rational utility set U is defined by
U={wv%. ., o™ eR™ |z c A such that U'(e') <v' < U (') for all i}.

Definition 4 i) The vector w is called useful vector of agent i if for any
x € RS, for any A\ > 0 we have U'(x + Aw) > U'(x).

it) The vector w is called useless vector of agent i if for any x € R, for any

A € R we have Ul(x + \w) = U(z).

i) We say that w € RS is a half-line direction for agent i if there exists
x € RY such that U(x + Mw) = U(z), ¥V A > 0.



Denote by R’ the set of useful vectors. L; the set of useless vectors. By the
very definition, the set of useless vectors of agent ¢ is the biggest linear subspace
included in R%:

L; = R'n (—RY).

We have that R’ is the positive dual cone of P’ i.e. R' = —(P%)°. Observe

that R’ has no empty interior since ]Ri C R’

3 No-arbitrage conditions in the literature

We will review some well-known no-abitrage conditions in the literature.
1. Hart [13] proposed the Weak No Market Arbitrage (WNMA) condition:

Definition 5 The economy satisfies WNMA if (w!,w?,...,w™) € R x R? x
... X R™ satisfies > 1t w' = 0 then w' € L; for every i.

2. Page [18] proposed the No Unbounded Arbitrage ( NUBA) condition:

Definition 6 The economy satisfies NUBA if (w!',w?,...,w™) € R' x R? x
... X R™ satisfies Y ;" w' =0 then w' = 0 for every i.

3. We present the definition of no-arbitrage prices proposed by Werner [21].

Definition 7 The vector p € RS is a no-arbitrage price for agent i if for any
w € R\ L; we have p-w >0, and for w € L;, p-w = 0.

Denote by S* the set of no-arbitrage prices of agent i. It is a cone. The no-
arbitrage condition is (" S* # 0.

We have identity between no-arbitrage condition of Werner and WNMA of
Hart:

Proposition 1 " S* # ) & WNMA

For a proof see e.g. Allouch, Le Van and Page [2].

4. In [20], Page, Wooders and Monteiro introduced the notion of Inconsequential

arbitrage.

Definition 8 The economy satisfies Inconsequential arbitrage condition if for
any (w1, w2, . .., W) withw; € R; for alli and Y ", w® = 0 and (wh,w?, ..., w™)
is the limit of A\p(x1(n),2%(n),...,2™(n)) with (z'(n),2*(n),...,2™(n)) € A
and A\, converges to zero when n tends to infinity, there exists € > 0 such that
for n sufficiently big we have U'(z%(n) — ew®) > Ut(2%(n)).

In [7], Dana and Le Van propose to use the derivative of utility function as
no-arbitrage price. They introduce weak no-arbitrage prices.



Definition 9 A vector p is a weak no-arbitrage price for agent i if their exists
A >0 and 2* € RS such that p = \UY (2?).

Let P! denote the set of weak no-arbitrage prices for the agent i. Their no-
arbitrage condition is (" P’ # 0

We have S C convP? € §' where convP? denotes the convex hull of P? and S'
is the closure of S*. Actually we have S* = ri(clconvexP?) (the relative interior
of the closure of convex hull of P?).

The next Lemma gives a property of useful vectors.

Lemma 1 The vector w is useful a vector for agent i if, and only if, for all
p € P, we have: p-w > 0.

Proof: (=): Let p = pU"(z) for some p > 0 some = € RY. From the concavity
of U we have:

0> pUl(z) — pUl(z 4+ Mw) > pU%(z) - (—Iw) = p- (=Aw) for all X\ > 0.

Hence pU"(z) - w > 0.
(«<): Observe that for all A >0, all >0 :

pU (x4 Mw) — pU(z) > pU" (z + Mw) - (\w) > 0.

Hence U'(x® + Mw) > Ul(z),Vz. =

4 No-arbitrage condition and existence of equilib-

rium
Existence of equilibrium can be derived from the following result.

Theorem 1 The compactness of U implies the existence of equilibrium.

Proof: For the existence of a quasi-equilibrium, see e.g. Brown and Werner [5]
or Dana, Le Van and Magnien [9]. Since short-sales are allowed, in our model

quasi-equilibrium is also equilibrium. See Geistdorfer-Florenzano [10]. m

Theorem 2 NUBA = WNMA = Inconsequential Arbitrage = Compactness
of U = Ezistence of equilibirum.

For a proof see e.g. Allouch, Le Van and Page [2].

It is well known that, with the assumptions we state until now, if an equilibrium
exists, we are not sure either that the equilibrium price belongs to the set
S=0),;S", or the set U is compact.

However we have with the weak no-arbitrage prices the following result.



Proposition 2

If an equilibrium exists then the equilibrium price is a weak no-arbitrage price for any agent.

Hence ﬁ Pt £,

i=1

Proof: Denote by (p*, (2*%);) the equilibrium. The equilibrium allocation (2*?)
solves the problems:

max U’ (z?)
s.t. pteaxt =p* el

From Theorem V.3.1, page 91, in Arrow-Hurwicz-Uzawa (1958) [3], for any 7,
there exists ¢; > 0 s.t.

UZ(Z‘*Z) . Cip* . x*i 2 UZ(xz) o Cz‘p* . :Ei

for any z' € RY. Hence U¥(x*) = (p*,V i. Let \; = é, we have p* =
AUV (x*') € P' for all i. Hence (), P* #0. m

When any agent has no half-line direction, we have

Theorem 3 Assume no agent has half-line direction. Then the following claims

are equivalent
e N, S £0
NUBA holds

o A is compact

o WNMA holds

o U is compact

e Inconsequential Arbitrage holds
o FExistence of equilibrium

For a proof see Allouch, Le Van and Page [2].
The interesting case is when at least one agent has half line directions. Our

aim is to prove now

m
ﬂ P % () implies an equilibrium exists,
i=1



even one agent has half line directions. In this case, we will have the equivalence

m
ﬂ P!+ () & Existence of an equilibrium.
i=1
To obtain this result we require the utility functions satisfy some more proper-
ties (Closed Gradient Condition or Mazimality Condition).
In [11], we give an example of economy where the no-arbitrage condition,
NUBA, WNMA are not satisfied. However this economy has an equilibrium

because there exists a common weak no-arbitrage price.

5 The closed gradient condition and the maximality

condition

In this section, if there is no confusion, we will use U(z) instead of U(x), the
set R will denote the set of useful vectors associated with U. Firstly, we present
some preliminary results about the limits of a utility function along a useful

direction.

Definition 10 Given a concave function U, and w € R. Define VU] : RS x
R — R:
VIU](z,w) =supU(x + Aw) = lim U(x + \w).
AER A—400
We will present here some properties of the function V[U]. From now on,
when there exists no confusion, we will write V(x,w) instead of V[U](x,w).
The proofs of lemmas 3, 4, 5 and 6 are given in Appendix.

Lemma 2 The vector w is a useless vector of V (-, w).

Proof: Let 4 € R. We have

V(z+pw,w) = lm U(z+ pw + Iw)

A—+00

= lim U(z+ (p+ \w)

A——~400

= lim U(z+ Cw)

(—+o0

= V(z,w).

Lemma 3 e (a) V is concave.

o (b) If there exists T such that V(T,w) = +oo then V(z,w) = +o0, Yz €
RS,



e (¢) If V(z,w) < +oo Vo € RS, V(-,w) is continuous on RS,
Lemma 4 If w € intR then V(z,w) = 400 for all x.

Remark 1 Let OR denote the boundary of R. From Lemma 4, the necessary
condition to have V(z,w) < +00 is w € OR.

The set of useful vector of U is included in the set of useful vectors of V.

Lemma 5 Given w € OR such that V(z,w) € R, a useful vector of U is a
useful vector of V (-, w).

Lemma 6 gives us the derivative of the function V' at the points x satisfying
V(z,w) = maxy U(zx + \w).

Lemma 6 Given w € R, x € RY. Suppose that there exists X > 0 such that
U(r + Mw) = U(x + Mw) for all \ > X. Then V is differentiable at x and
Viz,w) =U'(z + w).

We recall that w € R® is a half-line direction if there exists z € RS such
that U(z + Aw) = U(x), V A > 0. Let HL denote the set of half-line directions.

Proposition 3 (o) HL C 0R.
(b) Assume that for any o € R, the set {Hg:%}xem is closed, then HL =
OR.

Proof: See Appendix. m

Given an affine space H of R such that sup,cy U(z) = +o00, define the
function Uy : H — R as the restriction of U on H. Define U}, the projection of
gradient of U on H. Let o, denote an indifference surface, oo = {z | U(x) = o}
with o € R. We set the following assumptions.

C (Closed gradient condition): For any o € R, any H affine space such that

H
a

map z € ol — Ul (x)/||Uj(z)|| is closed.

supy U(z) = 400, define o} as the indifference surface of U on H. Then the

M (Mazimality) condition: For all affine space H of RS, only one of the
two following cases holds:

(i) supy U(z) = +oo.

(ii) maxy U(x) exists.

Remark 2 C condition is borrowed from Chichilnisky [6].



Proposition 4 Let U satisfy C condition. Let w € OR.Then for all x, the
function X\ — U(z + Aw) has a mazimum.

Proof: See Appendix. m

Proposition 5 Suppose w € R is such that for all z, maxy>o U(x+Aw) exists.
Define V(x,w) = maxy>oU(x + Aw). If U satisfies the C condition, then so
does V (-, w).

Proof: See Appendix. m

Proposition 6 Suppose that U satisfies M condition. Given a vector w € R
such that there exists T satisfying supy>o U (T 4+ Aw) < +o00, then the function
V(z,w) = supyso U(x + Mw) also satisfies M.

Proof: See Appendix. m

The next Proposition 7 gives us an example of utility function which satisfies
C and M conditions.

Proposition 7 We consider the case where the utility function is defined as
U(z) = Y0t msu(zs), withu : R — R is a concave, strictly increasing, differ-
entiable function, m is a probability measure on {1,...,S}, with 75 > 0, V s.
Define a = u/(+00), b = u/(—00). Suppose that 0 < a < b < +oo and there
exists z > 0 such that u'(z) = a, ¥V x> z and u/(x) = b, ¥V & < —z. Then we
have:

(a) U satisfies C condition.

(b) U satisfies M condition.

Proof: See Appendix. m

6 Equivalence between the existence of general equi-
librium and the existence of common weak no-

arbitrage price under C and M
Let & = {(U? €', X%);} be the initial economy, with X? = R¥ for any i.

Lemma 7 Suppose that (), PP (). Then U is bounded.



Proof: Take any p € (), P'. For each i, there exists \; > 0, Z* € RS such that
p = \UY(@). For (z',22,...,2™) € A, we have:

SNUE) ~UiE)] < Y p- (@ - af)
i=1 i=1
= p- ) 7 -%)
=1

then for all :

AU < U ) <p- (O3 —2) = > NUI(d) + > NU (@),
i=1 i i

Denote

m
W= {(w',w? ...,w™) € R' x R? x --- x R™ such that Zwi =0}.
i=1

The set W is a cone and will be called the cone of mutual opportunities of
arbitrage. Fix a vector w = (w!,w?,...w™) € W, as in Definition 10, define
Vi(zt, w') = V[U(z%,w’). We define £ the economy with m agents where
each agent ¢ has a utility function defined by V*, endowment e’ and consumption
set X* = RS, The attainable allocation set AV is defined as:

AV ={(z!,2%,... 2™ e (RS | sz = Zei and V(z', w') > U'(e')}.
i=1 i=1
The attainable utility set 4V is defined as:
uv ={(Hv? ... ™) eR™ | 3z € AV U () <ot < Vit wh), Vi)
We have the result:

Proposition 8 Suppose that for all (x',2?%,...,2™) € A, there exists maxy>o U'(z'+
Mw'), Vi. ThenUV =U.

Proof: Evidently, since U?(z?) < V(2! w'), we have U C UV

Take (v',v2,...,0™) € UY. There exists (z',22,...,2™) € UV such that
Ul(e') < vt < Vi(z',w'), Vi. By assumption, there exists A > 0 big enough such
that V(2% w') = U(2’ + Mw'). Observe that (z! + Aw!,2? + \w?,..., 2™ +
Aw™) € A. This implies (v!,v2%,...,v™) €U. =

10



Theorem 4 Consider economy E. Suppose that for all i, if U* does not satisfy
No Half-line condition then it satisfies C condition. In this case we have

m
ﬂ P £ () < U is compact < there exists an equilibrium.
i=1

Proof: Suppose there exists an equilibrium. By Proposition 2, we have ), pi £
0.

We prove the converse. Suppose that (), Pt £ (). We will prove that U is
compact, and this implies the existence of equilibrium. Take any p € (), Pt
There exists \; > 0, Z; € R such that p = \;\UY(%;), V i.

Suppose that (w',w?,...,w™) € W. From the Lemma 1, we know that for
all ¢, p-w > 0, so we have:

OZﬁ-iwi > 0.
i=1

This implies p - w' = 0 for all 1.

Define L(W) := W ((=W), the biggest sublinear space included in W. If
W is a linear subspace, then the WNMA condition is satisfied. By Theorem 2,
U is compact and there exists an equilibrium.

Suppose that W # L(W), or there exists w = (w!,w?,...,w™) € W such
that —w ¢ W, i.e. w ¢ L(W). Denote Ui(z') = V[U?] (2%, w') as in Definition
10.

Suppose U’ satisfies No Half-line condition. In this case, w’ = 0. Indeed, we
have p-w' = 0. This implies U"(7) - w' = 0, so UY(z* + \w') = U(Z"), VA > 0.
If w' # 0, this direction will be a half-line of i which is a contradiction. Hence
if U’ has no half-line, w® = 0 and this implies Uli = U’. Evidently, Uf satisfies
no half-line property.

Now suppose U’ does not satisfy No Half-line condition. In this case, U®
satisfies C condition. By Proposition 5, U{ also satisfies C condition.

Now we define & the economy which is characterized by {(U},e?, X*)}. As
above, denote by W7 the cone of mutual opportunities of arbitrage.

Observe that any useful vector of U’ is also a useful vector of U?. So,
W C W1. From the very definition of V[U?], we have that, for all i, w? is a useless
vector of U. Thus, (w!,w?,...,w™) € L(W;). Hence we have dimL(W;) >
dimL(W) + 1.

We will prove that the utility set U, equals . Recall that w? is a half-line. If
U’ satisfies no half-line condition, then w’ = 0, and evidently maxy U’ (2! + Aw?)
exists. If U does not satisfy no half-line condition, then U’ satisfies C condition.
By Proposition 4, maxy U*(z* 4+ \w’) exists. By applying Proposition 8, we have
U =Uu.

11



If we denote by P}, the set of weak no-arbitrage prices of agent i, we have
p € P} for all i. Indeed, p - w® = 0, this implies U*(Z) = V¥(z*,w*). Hence by
Lemma 6, p = \; V. (T, w?).

The economy &; satisfies (), P{ # 0. Its utility functions satisfy either
no half-line condition, or C condition. If W7 is linear, using the WNMA
condition, we have the compactness of ;. In the contrary case, take w =
(@', @?%, ..., w™) € Wy such that — ¢ Wy. We define U?(2%) = V[U{](z*, @%).

By induction and the same arguments, suppose that we have constructed
the economy &, with t > 1. If W; is not a linear space, we can construct a
new economy &4, with dimZL(W;y;1) > dimL(W;) + 1. Our economies have
the same utility sets Uy = U, V t.

For all t, Wy € RS*™_ So, we have to stop at some step 7. In economy Er,
W is a linear space, and hence satisfies WNMA condition. By Theorem 2, we
have Ur is compact. This implies U is compact and our initial economy & has
an equilibrium. m

Theorem 5 Suppose that for any agent i, if U' does not satisfy No Half-line
condition then it satisfies M condition. In this case we have
m

ﬂ P! # () < U is compact < there exists an equilibrium.
i=1

Proof: Suppose that there exists equilibrium. From Theorem 2 we have
N, P # 0.

We now prove the converse. Suppose that there exists a common weak no-
arbitrage price or equivalently, [, Pt £ (). Takep € N P?. There exists \; > 0,
7' € RY such that p = \;U”(z'). Suppose that (w!,w?,...,w™) € W. Denote
Vi(zt wt) = supy Ul(z* + Mw?). We have for all A > 0, UY(Z* + \w') = UY(Z?)
and hence, V(7% w') < +o0o. By Lemma 3, we have Vi(z%,w’) < +oc for all
zt € RY.

If U? satisfies No-half-line condition, then evidently w® = 0, and V*(2!, w’) =
If U? does not satisfy No-half-line condition then U? satisfies M condition. By
Lemma 6, the function 2 — Vi(z%, w?) = maxy>o U’ (z'+ Aw?) also satisfies this
condition. So V¥(.,w?) satisfies either No Half-line condition or M condition.

Observe that, by Lemma 6, we have Vi(-,w’) is differentiable, and if we
denote

Pi={peR% |3 >0, 3z € R such that p = \V¥ (2%, w')}

we have (), P}, # 0. Indeed, since p-w’ = 0, we have U*(z') = V(z',w"). Using
Lemma 6, we have p € V¥(z*, w'), for any i.

12



We have constructed a new economy with m agents where the utility func-
tions V(-, w') satisfy either No Half-line condition or M condition, and (), P}, #
(). By using the same arguments as in the proof of Theorem 4, we have U is

compact and hence, there exists an equilibrium for the initial economy £. m

Remark 3 The condition (), P* # 0 is weaker than (), S* # 0. In [11], we
have an example in which (=, S* = 0, but (), P* # 0. In this ezample, an
equilibrium exists.

Corollary 1 Suppose the utility functions are separable, i.e for any agent i,
Ulle) =Y mu' (xy)
s=1

with & > 0 for all i, for all s. We have

m
ﬂ P'+ (0 < U is compact < an equilibrium exists.
=1

Proof: For each agent 4, if u”(z) < u¥(—o0) for any z, or u”(2) > u”(+00) for
any z, then the function U? has no half-line. For this result, see [7]. In the other
case, U’ satisfies C and M conditions. The corollary is a direct consequence of
theorems 4, 5 and 7.

Another proof of the corollary can be found in [11].

]

7 Appendix

7.1 Proof of Lemma 3

e (a) Consider two couples (z,w), (z/,w’) with w € R,w’ € R and 6 € [0, 1].
We have

U0z + (1 —0)2" + AM0w + (1 — O)w')) > U (z+Aw)+(1—0)U (2" +Aw')
By taking the limits
lim U (fz 4+ (1 —60)z’' + A(w + (1 — §)w'))
A—~+00
> lim [0U(z + \w) + (1 — 0)U (2" + )]

A—+00
= 0 lim U(x+ w)+ (1-0) lim Uz’ + ).
A——+o00 A——+00

Equivalently

V(fzr+ (1—0)2", 0w+ (1 —0)w') > 0V (z,w) + (1 — )V (2, w).

13



e (b) Let #+ € RS. There exist § € (0,1) and y € RS such that x =
07 + (1 — 0)y. We use the concavity of U:

Let A€ Ry. Uz + Aw) = U(0(T+ Aw) + (1 - 0)(y + \w))
> U+ w)+ (1 -60)U(y + \w)
> U+ w)+ (1 -60)U(y).

Take the limits:

V(z,w)= lim U(x+ \w)

A—400

Y

0 lim U@+ w)+(1-0)U(y)

—+00

= V(z,w)+ (1-0)U(y) = +oc.

e (¢) The function V(.,w) is concave, real valued over R® is therefore con-
tinuous everywhere on RS,
7.2 Proof of Lemma 4

Take w = (1,1,...,). Since U is strictly increasing, Ri C R. Therefore,
w € intR since w € intRﬁ. Let = be given and let {y"} be a sequence which
satisfies lim, U(y") = sup,crs U(z) = 4+00. For any n there exists A, > 0 such
that x5 + \,ws >yl for any s = 1,...,S. That implies U(xz + \,w) > U(y")
since U is strictly increasing. Hence V (z, W) = supycr U(x + A\w) = +o0.

Now let w € intR. There exist # € (0,1), 7 € R such that w = 6w + (1 — 0)r.
Let {\;}n be an increasing sequence of positive numbers which converge to
+oo. We have = + Ayw = 0(z + \yw) + (1 — 0)(x + A1) and hence

Uz 4+ Mw) > 0U(x + Aw) + (1 — O\ U(z + \pr) > 0U(z + Xw) + (1 — 0)U(x).
Since lim, U(x + A\,w) = +oo we have also lim, U(x + A\,w) = +oo and

V(z,w) = +o0.

7.3 Proof of Lemma 5

Indeed, take r € R. For all A, u > 0 we have:
U(z + pr + dw) > Uz + Aw).

This implies supy U(x + pr + Aw) > sup, U(z + Aw). =

7.4 Proof of Lemma 6

Take p € OV (z,w). We have p-w = 0. Indeed, observe that w is an useless
vector of V(-,w), then for all A € R, by the concavity of V' we have:

0=V(x+ ) —V(z,w) < Ap-w.
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Hence p-w = 0.
By assumption, U(z 4+ Aw) = U(xz + Aw) ¥V A > X, so V(z,w) = U(z + Iw).
For all y € R® we have:

Uy) = Uz +dw) < V(y,w) = V(z,w) <p-(y—z)=p-(y — (z+ Iw)).

Then p = U'(x + Aw).

Take p = U’(z + Aw). Observe that p-w = 0. We have:

Viyw) = Vigw) = lim [U(y+ ) - U+ Xw)
< Ay — Aw — A\
< Jlmpe et =)

= lim p-(y—z)=p (y—2).

A—400

Then p € OV (z,w). =

7.5 Proof of Proposition 3

(a) Suppose that w is HL, by using Lemma 4, we have w € 0R.

(b) With a € R, let 04 = {z | U(x) = a}.

We will prove that if w € R, then there exists T € o, such that U(Z+Aw) =
U(z) = a for all A > 0. If w = 0, obviously, the claim is true. We assume now
that w € OR\{0}.

Take some x € 0. f U(x+ A w) =U(z) V A > 0, the claim is true. Assume
that there exists y > 0 such that U(x + pw) > U(x). If > 1, the concavity of
U implies that U(x+w) > U(x). If p <1, then U(z+w) > U(z+ pw) > U(z).
This implies that U(x + w) > U(z). From the continuity of U, there exists
p > 0 such that for all y € B(x + w, p), a ball center x + w and radius p, we
have U(y) > U(z). Since w € JR, we can take a sequence w” converging to
w such that  + w™ € B(z 4+ w, p) and w™ ¢ R. We have U(z + w™) > U(x).
Therefore, for any n, there exists A" > 1 such that U(x + \"w™) = U(zx) and
U(x + \w™) < U(x) for all A > \"™.

Define 2™ := = + \"w™. We claim that A\ — 4o00. Indeed, in the contrary,
A" — X > 1. We have U(x + Mw) > U(z +w) > U(z): a contradiction because
U(z + M) = lim,, U(z") = U(x).

Since A" — oo, we have ||z"| — oc.

By the concavity of U we have:

0=U(2")—U(z) >U'(z") - (2" — z).

This implies:
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U'(z™) " < U'(z™) x
[ @) (| = [[U" ()] HUC”H'

Observe that when n — oo, ||z"|| — +o0, and T

‘zn” — w. From the closeness

of {||U’ ol }reo, We have:
U'(z™ U'(z
(CORIN
U7 @) [|U"(@)]
where T € o,. We obtain that:

U'@)
G
So U'(Z) - w = 0 and that implies U(Z 4+ Aw) =U(Z) YA >0. =

7.6 Proof of Proposition 4

From Proposition 3, there exist & such that U(z + \w) = U(z), V A > 0.
Hence V (%, w) < +oc. By Lemma 3, we have V(z,w) < +oo V # € R, or
limy 400 Uz + Aw) < 400.

Suppose that there exists x such that U(z + Aw) has no maximum.

Take any p € OV (x,w). Take any z in interior of R. Let II denote the plane
spanned by (w, z) and II, = IT + {x}. We will prove that p is orthogonal to II
and then orthogonal to z.

By the way of choosing z and Lemma 3, we have sup, U(z + A\z) = 400, so
supy, U(x) = 400. Let a := limy_,oc U(z + Aw) = V(z,w). Since U(z + Aw) <
a and U(x + Az) — +oo when A — oo, there exists y € II, which satisfies
U(y) = a. In other words, Cy, :=1II, (oo # 0.

By using the same argument as in the proof of Proposition 3 and the closed
gradient condition for the affine space II,., we can prove that there exists & € Cl,
such that

U@)=U(z+ \w) =a,¥ X >0.

We have V(z,w) = V(Z,w) = «, so

0=V(z,w)—-V(Z,w)>p-(r— 7).

We obtained p - (x — 2) < 0.
By Lemma 6, we have V/(z,w) = U'(z), and then V) (Z,w) - w = 0.

Denote ¢ = V'(Z,w). Let p1,q respectively the orthogonal projections of p
and ¢ on II. Since p-w = ¢q-w = 0, then p; and ¢; are orthogonal to w, and so
p1 = pg1 with g € R. Since z € int(R), z is also a useful vector of V (-, w), and
V'(x,w)-z > 0 which implies py - 2 > 0. We have also U'(%)-2 > 0= ¢ -z > 0.
These inequalities imply p > 0.
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Observe that:
U@R)—Ulz+Aw) >U'(2) - (2—2) = AU'(&) - w=U'(2)- (2 —2) = q1 - (& — ).

Let A — +00. We obtain ¢; - (z —x) < 0. And then p; - (z —x) < 0. Remember
that p- (x —2) <0 or p; - (x — &) <0. Then, we have p; - (z — ) = 0.
By the assumption of the non existence of a maximum of U(z + Aw), & does
not belong to the line {x + Aw}, so w and x — Z are linearly independent and
orthogonal to p1, so p is orthogonal to II, or p- 2z = 0.

Since z is arbitrarily chosen, p is orthogonal to all vectors who belongs to
intR, and hence to all vectors in Ri. This implies p = 0. Then V(z,w) >
V(y,w) > Ul(y) for all y, or sup, U(y) < +o0: a contradiction. m

7.7 Proof of Proposition 5

By Proposition 4, for all z € R, there exists A > 0 big enough such that
V'(z,w) =U'(x + \w).

Suppose that H is an affine space of R®, and sup,eg V(zr,w) = +o00. We
consider two cases:

1. H is parallel tow: Ve e H, z+w € H.

2. H is not parallel to w.

Denote o8 := {z € H| V(z,w) = o} and consider the sequence {x,,}, C

w,H Vi (@n,w)

oo’ such that lim, ”VZ = p. For each n, there exists A, > 0 such

(@n, W]
that V(x,,w) = Uz, + \yw), or x, + \yw € 04, and using Lemma 6,
lim Ul (n+Anw) _
" U@t rnw)] — P

For any affine subspace F', mr denotes the projection on F.

Consider the first case. In this case, z,+A,w € H for all n, and sup,cy U(z) =
supyeg V(z,w) = 4o0o0. By applying the closed gradients condition for the
affine space H, there exists & € ol guch that % = p. Observe that
Uz + Aw) -w =0 = 7g[U(x, + \yw)] -w =0 = 7g[U'(2)] - w=0=
U'(z)-w =0and so V(z,w) = U(Z) = a, or U(T + \w) = U(Z) = « for all

A >0, and V'(Z,w) = U'(Z). So we have

ViG]~ Tea(V@E )~ Tea@@N - 0@

Vi (2, w) m (V!(7, w)) T (U'(7)) Up ()

Consider the second case. Let G := H 4+ { \w}er. Then G is parallel to w.
Observe that sup,cq U(z) = sup,cy V(z,w) = +o00.
Suppose that |VH(x"’w =D with 2, € H and V(z,,w) = a for all n.

Vi (@n,w)]

Ul (zn+Anw)
||Ué;(acn+)\nw)\|
that H C G, so my(1g(q)) = mr(q) for all vector g € RS,

Without loss of generality, we can suppose that — p. Observe
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Firstly, we prove that p is not orthogonal to H. Using the same argument
as the first case, applying closed gradient condition for the affine space G, we
know that there exists & € G such that

Ug(2) ,oa
—— =pand U'(Z) - w=0
[Ug (@)
or we can write
V(& w) _5
V& (@, w)l|

H is not parallel to w, so there exists A € R satisfies £ + Aw € H. Denote
T = I + Aw. Observe that V(z,w) = V(Z,w) and V'(Z,w) = V'(Z,w).
If p is orthogonal to H then V'(Z,w) is orthogonal to H, then for all y € H

we have:
V(y,w) —V(Z,w) <V'(z,w)  (y—z)=0.

Thus V(Z,w) = sup,epy V(y, w) = +oo: a contradiction.

Since P is not orthogonal to H, we have g (p) # 0.

Secondly, we prove that HWH%H = p. Indeed, for all n we have

(U (2ntAn)
mi (e (U (@ + Agw)) ”H(n HOUCEES)IL
/ - a (U (zn+Mn :

And we let n — oo, the left hand side tends to p, and the right hand side
7w (P)

T (p) _
tends to ey Hence, rindy = p-
Finally we have
Vi iz ) o (2SI ED)
p(@w)  mp(V'(@w)  wa(re(V(E,w))) ) = 2 Tre (V)]
WVa@ )l ea (V@& w)l - ra eV @D (e (i) |
=
Via(@w) _ mu@®) _
Ve @ w)ll - llwa @)

V (-, w) satisfies C condition. m

7.8 Proof of Proposition 6

Firstly, observe that from the property of condition M, if sup, U (z+Aw) < 400
for some z, then there exists A such that U(z+Aw) = sup, U(z+\w) = V(z,w).

Suppose that supy V(z,w) < co. Let G = H + { w}rer. It is an affine
subspace. We can verify easily that supg U(x) = supy V(z,w) < 400, so there
exists T € G such that U(T) = supg U(z). Observe that V(z,w) = sup, U(Z +
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Aw) > U(Z) = supg U(z) = supy V(z,w), so V(Z,w) = supy V(z,w). Since
T € H + { \w}), there exists & € H, A € R such that T = & + Aw. We have
V(z,w) =supy V(z,w). =

7.9 Proof of Proposition 7

Before beginning the proof, for each vector w € R, define S (w) = {s such that ws >

0}, S_(w) = {s such that ws < 0}.

(a) Fix an affine subspace H. Denote by o/ the set {x € H such that U(z) =
a}. Suppose that p is a limit point of {”gj%}gf Since U'(z) - w > 0 we have
p-w > 0. For each n, define

U'(x)
10" ()]

Denote by x, the element of A, which has the smallest norm: ||z,| < ||z|| for
all x € A,,. We prove that the set {x,} is bounded.

A, = {z € o such that ||p —

H_}

Suppose the contrary, lim, ||z,| = oco. Without loss of generality, we can
suppose that lim,, = T = w- Observe that w is parallel to H. Since U(x,) = «
for all n, the vector w is a useful vector. We have also p-w = 0. Indeed, denote
by 0 the vector (0,0,...,0). We have U(z,) —U(0) > U'(xy,) - . Hence

In

[l

a—U(0)

> Ul(xn)'
[

Let n converges to infinity, the LHS converges to 0. Observe that since 0 < a <
b < +oo, we have {U’(z)} is bounded. Hence without loss of generality, assume
that U’(z,,) converges to a vector ¢, with ﬁ = p. The inequality above implies
that p-w <0, that implies p-w =¢q-w = 0.

Dana and Le Van in [7] prove that for all z we have

“w>a Z TsWs + b Z Tsws > 0.

seSq(w) seS_(w)

Since limy, U'(zn) - w = 0, we have a e () TsWs + 0D scg () TsWs = 0.

Fix 0 < € < 1. Take N big enough such that for all n > N we have
Tn,s — €ws > 2z for s € Sy (w) and z, s — ews < —z for s € S_(w). This implies
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|xn — ew|| < ||zn]|. We will prove that U(z,, — ew) = a, ¥V n > N. Indeed,

Uz —ew) —U(zy) > —eU'(zy — ew) - w
S
= —ez Tt (T, s — €Ws) Wy
s=1
= —¢ Z WSUI(CEn,S — €Wg)Ws — € Z Wsu’(:cms — €Ws)Ws

s€S1(w) seS_(w)
= —ea Z TsWs — €b Z TeWg
seS1(w) seS_(w)
= —€la Z TeWs + b Z TsWs]
s€Sy(w) s€S_(w)

= 0.

Hence U(xy,, — ew) > U(xy) > U(zy, — ew). This implies U(x,, — ew) = a.

Observe that for s € S4 U S_, we have «/(z, s — ews) = u/(xy ), which is
equal to a if s € Sy (w), and to b if s € S_, so U'(z,, — ew) = U'(x,). Since w
is parallel to H, =, — ew € H. We have proved above ||z, — ew| < ||xy||. This
is a contradiction to the definition of z,,.

So, the set {x,,} is bounded. Take a limit point x of this set, we have z € H,
U(x) = «a, and i U,Exg = p. We have proved that C condition holds.
(b) Fix an affine space H such that supy U(z) = a < +oo. For each n,
define )
A, = {x € H such that U(z) > a— —}.
n

Take x,, € A, such that ||z,| < ||z| for all z € A,. We prove that the set
{z,,} is bounded. Suppose the contrary. We can suppose that lim,, ”i—:” = w.
Since {U(zy)} is bounded below, w is a useful vector. We will prove that
aZS€S+ (w) TsWs+b Zses ) Tsws = 0. Indeed, suppose that aZS€S+ (w) TsWsT
bzses_ (w) TsWs > 0. Fix z E H. For A > 0 big enough we have z; + \ws > z,
Vs € St (w), and x5 + Aws < —z, Vs € S_. Hence

Ul +w) —U(z) > \U'(z+ \w)-w

= Ala Z TsWs + b Z TsWs

s€S4(w) s€S_(w)

Let A converges to infinity, the RHS tends to +00. Observe that since w is par-
allel to H, z+Aw € H for all A\. This implies supy U(x) = +00, a contradiction.

We have a2865+(w) TsWg + bzses_(w) msws = 0. By using the same argu-
ments in the part (a), we have U(z, —ew) > U(z,) > a — -+, and ||z, — ew]| <
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||zn||, a contradiction. Hence the set {z,} is bounded. Since lim, U(z,) = a,

we have that maxy U(x) exists. We have proved that M condition holds. m
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