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1 Introduction

Equality of opportunity is an important concept. Political philosophers
such as Rawls and Dworkin have criticized concepts of equality focusing on
outcomes, whereas others such as Cohen and Arneson have proposed to make
opportunity the focus of equality. Moral judgments by laymen as expressed
in experiments (Cappelen, Hole, Sgrensen and Tungodden, 2007) and surveys
(Schokkaert and Devooght, 2003) have been shown to correspond well to ideas
of equality of opportunity. But not only is it intrinsically suitable for describing
moral objectives and judgments, it is also stressed by the World Bank and the
OECD as a good instrument for growth that is superior to outcome equality.

A large and rapidly growing literature formalizes the idea of equality of
opportunity to yield measures and objective functions. Formalizations center
on the two principles on which the idea of equality of opportunity rests. The
first is the compensation principle, which says individual circumstances are
not legitimate sources of inequality. The second is the reward principle, which
says that inequalities arising from the exercise of individual responsibility do
not need correcting. The literature has studied combination of versions of
these principles for various types of criteria: social welfare functions that pro-
vide complete rankings of income distributions, allocation rules that select the
best income distribution dividing a fixed total income amount, and inequality
of opportunity measures for empirical analysis that cleverly use the tools of
unidimensional inequality measurement.

We use a normative approach to the measurement of inequality of opportu-
nity. This means that inequality is identified with the welfare loss associated
to being in the actual rather than the optimal distribution of the available
total income. Because the welfare functions are characterized on the basis of
axioms that express ethical values—most importantly the compensation and
reward ideas—the derived inequality measures receive a normative basis.

Our approach encompasses the literature in two respects. First, we are
broad in terms of the normative choices that we consider with regard to the
compensation and reward principles. The former exists in an ex ante and ex
post form. The ex post form stresses that individuals exercising the same re-
sponsibility should get the same incomes, thus neutralizing the effect of their
different circumstances. This version of compensation has been stressed in
the works of Fleurbaey and Roemer. The ex ante form says that income dis-
tributions of different circumstance groups (where within a group individuals
have identical circumstances) should be as equal as possible. This version of
compensation features in Van de gaer’s work and is popular empirically, pre-
sumably because it does not require information on responsibility exercised.

The reward principle also comes in two versions. The liberal reward principle,



favored by Fleurbaey, says that income differences due to responsibility should
respect the market returns to responsibility. The utilitarian reward principle,
advocated by Roemer and Van de gaer, says that inequalities due to respon-
sibility are a matter of neutral treatment. Our framework will deal with ex
post and ex ante versions of compensation, liberal and utilitarian versions of
reward, and several variants of these that have been studied in the literature.
This allows considering all these different outlooks on equality of opportunity
within a single framework, all neatly expressed as axioms imposed on welfare
functions.

A second way in which the current analysis is broad in a very natural sense
is with respect to the methodologies that have been used to approach equality
of opportunity. It unifies and generalizes in several ways. It generalizes the
classes of social welfare functions that have been proposed. In turn, these social
welfare functions extend allocation rules that have been proposed. Finally it
provides an axiomatic underpinning for many of the inequality measures that
have been proposed in mainly the empirical literature.

The next section introduces notation and some basic axioms to be imposed
on social welfare functions. Section 3 defines axioms that capture the ex post
and ex ante versions of compensation and the liberal and utilitarian versions
of reward. Section 4 characterizes classes of social welfare functions using dif-
ferent combinations of compensation and reward principles. Section 5 derives
optimal distributions from the obtained social welfare functions. Section 6
explains the normative approach to measuring inequality and shows that in-
equality can be written as the welfare difference between the optimal and the
actual distribution. The classes of inequality measures corresponding to the
different classes of social welfare functions (embedding different combinations
of compensation and reward) are derived and discussed in the light of the
literature. Section 7 concludes.

2 Preliminaries

Each individual is characterized by his circumstance and responsibility
characteristics. The set of all circumstance characteristics is C' = {1,2,...,c}
and the set of all responsibility characteristics is R = {1,2,...,r}. For sim-
plicity, we assume that each combination (i, k) in C' X R occurs exactly once.’
We refer to each (i, k) as an individual.

We use a ¢ x r real-valued matrix X to represent an income distribution.
The ikth entry of X, denoted by w, is the income of individual (¢, k). The

!The extension to the general case where some combinations do not occur or occur more
than once is possible, but would require considerably heavier notation without adding real
substance.



1th row of X is denoted by x;. and the kth column is denoted by z.,. We write
lexy for the ¢ x r matrix with 1 at each entry and 1, for the r-dimensional
vector with 1 at each entry.

The hypothetical laissez-faire market incomes are ethically significant ac-
cording to the liberal reward principle. We denote this income distribution
by M in R*" and refer to it simply as the market income distribution. We
assume that M is fixed.

We use a social welfare function to compare income distributions. A social
welfare function W : R*” — R assigns to each income distribution X in R*"
a real number W (X). The function W depends on M, but we suppress this
dependency in the notation.

We impose axioms on the social welfare function to make concrete its nor-
mative properties. In the remainder of this section, we formulate three basic
axioms. The next section discusses more substantive axioms representing the
ideas of compensation and reward.

Monotonicity says that increasing the income of an individual is socially
desirable provided that no other individual’s income decreases.

Monotonicity. For all income distributions X and X’ in R if z;, > af,
for each individual (i, k) in C' x R and xj > 2, for some individual (j,7) in
C x R, then W(X) > W(X").

Continuity ensures that social welfare comparisons are not overly sensitive
to small changes in the income distributions.

Continuity. The function W is continuous.

Translation invariance demands that the social welfare ranking of two in-
come distributions does not change if the same amount is added to each income
in both income distributions.

Translation invariance. For all income distributions X and X’ in R*" and
for each real number A\, we have W (X) > W(X') if and only if W(X +A.x,) >
W(X"+ Mex,).

Translation invariance ensures that the inequality indices we derive later
are absolute. That is, adding the same amount to each income does not change

the level of inequality of opportunity in an income distribution.”

2An alternative to this axiom, scale invariance, says that the social welfare ranking of
two income distributions should not change if we multiply each income with the same factor
in both income distributions. In Section 7, we discuss how the results change if translation
invariance is replaced by scale invariance.



3 Compensation and reward

3.1 Compensation axioms

The compensation principle says that income inequalities due to differences
in circumstances ought to be redressed. There are two versions of compensa-
tion, ex post compensation and ex ante compensation. Imagine that circum-
stance characteristics are determined prior to responsibility characteristics. Ex
ante compensation is defined in terms of the income possibilities of circum-
stance groups when responsibility characteristics are not yet determined, and
ex post compensation is defined in terms of the actual incomes that arise after
responsibility characteristics are also determined.

Ex post compensation comprises two components, a Pigou-Dalton transfer
principle and a symmetry principle. Together, these components express the
idea that individuals who exercise the same responsibility should be treated
equally. Ex post Pigou-Dalton requires that an income transfer that widens the
income gap between two individuals in the same responsibility group reduces

social welfare.

Ex post Pigou-Dalton. For all income distributions X and X’ in R°*", if
there exist two individuals (¢, k) and (j, k) in C' x R such that x;; > z;;, and a
positive real number § such that zj, = z;, +d and 2y =z — ¢ with X and
X' coinciding everywhere else, then W (X) > W (X’).

Ex post symmetry demands that switching the incomes of two individuals
in the same responsibility group does not change social welfare.

Ex post symmetry. For all income distributions X and X’ in R®*" | if there
exist two individuals (7, k) and (j, k) in C'x R such that z;, = 27, and 2 = ¥},
with X and X' coinciding everywhere else, then W(X) = W (X’).

We refer to the combination of ex post Pigou-Dalton and ex post symmetry
as ex post compensation.

Ex post compensation. Both ex post Pigou-Dalton and ex post symmetry
hold.

Next, we define the ex ante version of compensation. To understand ex
ante compensation, interpret row ¢ of an income distribution as the (income)
opportunities of an individual with circumstance characteristic 7. Ex ante
compensation says that differences in circumstances do not justify differences
in these opportunities. The axiom consists of, again, a Pigou-Dalton transfer

and a symmetry component.



Ex ante Pigou-Dalton requires that increasing the gap between opportu-
nities decreases social welfare. Assume that the minimum income in circum-
stance group ¢ is greater than the maximum income in circumstance group j.
We can then conclude that group ¢ is unambiguously better off than group j.
Now, imagine a transfer from each individual in j to each individual in 7. Ex
ante Pigou-Dalton requires that such a transfer reduces social welfare.

Ex ante Pigou-Dalton. For all income distributions X and X’ in R°*", if
there exist two circumstance groups ¢ and j in C' such that mingeg x;x >
maxgep T, and a positive real number § such that z} = ;. 4+ 61, and x; =
zj. — 01, with X and X' coinciding everywhere else, then W (X) > W (X’).

Ex ante symmetry requires that switching two rows of an income distribution—
one row again unambiguously better than the other as defined above—does not

change social welfare.

Ex ante symmetry. For all income distributions X and X’ in R“*", if there
exist two circumstance groups ¢ and j in C such that mingep ;> maxper Tk
and z; = x; and ;. = x; with X and X’ coinciding everywhere else, then
W(X)=W(X").

We refer to the combination of ex ante Pigou-Dalton and ex ante symmetry

as ex ante compensation.

Ex ante compensation. Both ex ante Pigou-Dalton and ex ante symmetry
hold.

Obviously, ex post Pigou-Dalton implies ex ante Pigou-Dalton and ex post
symmetry implies ex ante symmetry. By consequence, ex post compensation

implies ex ante compensation.®

3.2 Reward axioms

The reward principle complements the compensation principle. Whereas
compensation aims to neutralize differences in circumstances, reward tells us
whether and how to respect differences in responsibility. The literature con-
siders two versions of reward, liberal reward and utilitarian reward.

Liberal reward states that differences in the market incomes of individuals
in the same circumstance group should be respected. A useful restatement of
this idea is that each individual in the same circumstance class should receive
the same subsidy, where a subsidy is defined as the actual income minus the

market income.

3Fleurbaey and Peragine (2013) consider alternative ex post and ex ante versions of
compensation and find that they clash.



Liberal reward consists of two components, a Pigou-Dalton transfer prin-
ciple and a symmetry principle. Consider two individuals in the same circum-
stance group i. The subsidies received by (i, k) and (7,1) in income distribution
X are x; — my, and xy — my. Assume that the subsidy received by (i, k) is
greater than the subsidy received by (,[). Liberal Pigou-Dalton requires that
transferring income from (i,1) to (i, k) reduces social welfare, as such an in-
come transfer further widens the gap between the subsidies received by the
two individuals.

Liberal Pigou-Dalton. For all income distributions X and X’ in R**" if
there exist two individuals (7, k) and (7, 1) in C'x R such that z;z —my > xy3—my
and a positive real number § such that =i, = z;; + 0 and 2}, = x5y — 0 with X
and X' coinciding everywhere else, then W (X) > W (X").

We illustrate the axiom with an example. Imagine a society with one cir-
cumstance group and three responsibility groups. Consider the income distri-
butions X = (9,9,15) and X’ = (10, 8,15). The market income distribution is
M = (7,9,14). The distributions of subsidies in X and X’ are X —M = (2,0, 1)
and X' — M = (3,—1,1). The gap between the subsidies received by the first
two individuals is smaller in X than in X’. Thus, liberal Pigou-Dalton says
that X is better than X’.*

Liberal symmetry demands that switching the subsidies of two individuals
in the same circumstance group leaves social welfare unchanged. Note that
such a switch does not alter the total income of the circumstance group.

Liberal symmetry. For all income distributions X and X’ in R“*", if there
exist two individuals (¢, k) and (4,1) in C' x R such that z;; — my, =z}, — my
and xy; — my = xf, — my, with X and X’ coinciding everywhere else, then

W(X) = W(X).

To illustrate the axiom, let X” = (7,11,15) and M = (7,9,14). Liberal
symmetry says that X” and X = (9,9, 15) are equally good since X" — M =
(0,2,1) is obtained from X — M = (2,0, 1) by switching the subsidies received
by the first two individuals.

We refer to the combination of liberal Pigou-Dalton and liberal symmetry
as liberal reward.

Liberal reward. Both liberal Pigou-Dalton and liberal symmetry hold.

Liberal reward says that, for an individual with circumstances i, the move
from responsibility £ to [ should ideally be rewarded as it is rewarded by the

4Repeated use of liberal Pigou-Dalton yields the optimal income distribution (8, 10, 15).
In this distribution, each individual receives a subsidy of 1.



market, that is, by an income change of m; — m;;. One can imagine many
other possible non-liberal reward principles that specify rewards for the exer-
cise of responsibility that deviate from the market rewards.” Such alternative
principles can be captured by letting M be, instead of the market income
distribution, the income distribution featuring these alternative ideal income
differences.

Next, we define utilitarian reward. Utilitarian reward takes the agnostic
view that equality of opportunity should be silent on how to reward differences
in responsibility. Accordingly, utilitarian reward requires the social welfare
function to be neutral with respect to transfers within a circumstance group.
There is no need to separately define a Pigou-Dalton transfer and a symmetry
component for utilitarian reward since the axiom as stated includes both ideas.

Utilitarian reward. For all income distributions X and X’ in R, if there
exist two individuals (i,k) and (4,1) in C' x R and a positive real number §
such that z}, = x;; + 9 and 2, = z; — 0 with X and X' coinciding everywhere
else, then W (X) = W(X').

4 Social welfare functions

4.1 Compensation and liberal reward

We first focus on the combination of ex post compensation and liberal
reward. As the following example shows, these two axioms clash. Assume that

there are two circumstance groups and two responsibility groups. Consider

P wef ] weweft]
3 5 5 3 2 0
Ex post Pigou-Dalton implies W (X) > W (X'), whereas liberal Pigou-Dalton
implies W(X') > W (X).

It is well known that ex post compensation and liberal reward can be com-
bined only if market income can be written as an additively separable function
of circumstance and responsibility characteristics.® We say that market in-

comes are additively separable if m;; — m; = m;r — mj; for all circumstance
groups i and j and all responsibility groups k and [.”

5See Roemer (2012, pp. 178-179) for a discussion.

6See, for example, Bossert (1995), Bossert and Fleurbaey (1996) and Fleurbaey (1994,
1995). For a survey, see Fleurbaey (2008).

"It is common in the literature to use a function f such that f(i, k) is the market income
of (i,k). The function f is additively separable if there exist functions g and h such that,
for each (i,k) in C' x R, we have f(i,k) = g(i) + h(k). This is equivalent to the condition
that, for all 4 and j in C and k and [ in R, we have f(i,k) — f(i,1) = f(j, k) — f(4,1). This
clearly corresponds to our definition of additive separability of market incomes.



Proposition 1. If a social welfare function satisfies ex post Pigou-Dalton and
liberal Pigou-Dalton, then market incomes must be additively separable.

We will in two ways deal with the incompatibility between ex post Pigou-
Dalton and liberal Pigou-Dalton. First, we combine the axioms under the
restriction of additively separable market incomes (Theorem 1). Second, we
consider weakenings of liberal reward and of ex post compensation (Theorems
2 and 3).

Theorem 1 restricts market incomes to be additively separable, and char-
acterizes social welfare functions that satisfy ex post compensation and liberal
reward in addition to the three basic axioms monotonicity, continuity and
translation invariance. As we will see in Section 5, Theorem 1 extends the so-

called natural rule. We denote the set of ¢ x r-dimensional real valued vectors
by R".

Theorem 1. Let market incomes in M be additively separable. A social welfare
function W satisfies monotonicity, continuity, translation invariance, ex post
compensation and liberal reward if and only if there exists a strictly increasing,
continuous, translatable® and strictly Schur-concave’ function f : R — R
such that, for each X in R*",

W(X) = f(z11 —mar + M., oo, T — Mg + My ooy Tep — Mg + M), (1)

We explain why the social welfare function in Theorem 1 satisfies ex post
compensation and liberal reward. (The intuition for Theorems 2 and 3 is
similar.) For any two individuals in the same responsibility group, the same
number is subtracted from their incomes. Indeed, additive separability of
market incomes implies m;; — m;. = m; — m;. for all circumstance groups
¢ and j and each responsibility group k. Strict Schur-concavity of f then
ensures that ex post compensation is satisfied. For any two individuals in the
same circumstance group, what goes into f is their subsidies plus a uniform
constant. Again, strict Schur-concavity of f guarantees that liberal reward is
satisfied.

Next, we drop the restriction that market incomes are additively separable,
and consider weaker versions of the liberal reward and ex post compensation

axioms.

8A function f : R® — R is translatable if f(z) > f(y) if and only if f(x+61,,) > f(y+31,)
for all x and y in R™ and each real number §.

9A bistochastic matrix is a nonnegative square matrix of which each row sums to 1
and each column sums to 1. A permutation matrix is a bistochastic matrix of which each
component is either 0 or 1. A function f : R® — R is Schur concave if f(Bz) > f(x)
for each  in R™ and each n x n bistochastic matrix B. If, in addition, f(Bz) > f(x)
whenever B is not a permutation matrix, then f is strictly Schur-concave. Note that (strict)
Schur-concavity of f implies symmetry of f.



We start by weakening liberal reward. The idea is to use for each cir-
cumstance group the market incomes of a predetermined circumstance group
¢ instead of the group’s actual market incomes. Liberal reward is then guar-
anteed only with respect to the reference circumstance group ¢. The weaker
version of liberal Pigou-Dalton is as follows.

Liberal Pigou-Dalton for ¢. Let ¢ be a circumstance characteristic in C'.
For all income distributions X and X’ in R*", if there exist two individuals
(1,k) and (4,1) in C' x R such that x;, — mea > x; — mg and a positive real
number § such that x}, = x; + 6 and 2, = z;; — 6 with X and X’ coinciding
everywhere else, then W(X) > W (X’).

The corresponding weaker version of the liberal symmetry axiom is as fol-
lows.

Liberal symmetry for ¢. Let ¢ be a circumstance characteristic in C'. For
all income distributions X and X’ in R®*" if there exist two individuals (i, k)
and (i,1) in C' X R such that z;; — mg = 2, — mg and xy — mg = 2, — me
with X and X' coinciding everywhere else, then W (X) = W (X").

Liberal reward for ¢ combines liberal Pigou-Dalton for ¢ and liberal sym-
metry for ¢. Note that if market incomes are additively separable, then liberal
reward for ¢ is equivalent to liberal reward.

Liberal reward for ¢. Both liberal Pigou-Dalton for ¢ and liberal symmetry
for ¢ hold.

Theorem 2 characterizes the social welfare functions that satisfy ex post
compensation and liberal reward for ¢ in addition to the three basic axioms.
The result follows easily from Theorem 1'° and we state it without proof.
In Section 5 we will see that the theorem extends the egalitarian equivalence
allocation rule.

Theorem 2. A social welfare function W satisfies monotonicity, continuity,
translation invariance, ex post compensation and liberal reward for ¢ if and
only if there exists a strictly increasing, continuous, translatable and strictly
Schur-concave function f : R — R such that, for each X in R,

W(X) = flxin —mer, .., Tk — Mey -, Tep — My ). (2)

Next, we weaken ex post compensation. The weakening guarantees ex post
Pigou-Dalton only with respect to a chosen responsibility group 7. The weaker
version of ex post Pigou-Dalton is as follows.

10Replace M by the income distribution of which each row equals me. and apply Theorem
1.

10



Ex post Pigou-Dalton for 7. Let 7 be a responsibility characteristic in R.
For all income distributions X and X’ in R*", if there exist two individuals
(i,k) and (j,k) in C' x R such that z;; — my + my > x — my, + mj; and a
positive real number § such that zj, = x;, +d and 2y =z — ¢ with X and
X’ coinciding everywhere else, then W (X) > W (X").

The corresponding weaker version of ex post symmetry is as follows.

Ex post symmetry for 7. Let © be a responsibility characteristic in R.
For all income distributions X and X’ in R®*", if there exist two individuals
(1,k) and (j,k) in C x R such that z; — mi + my = Ty — My + my; and
Tl — Mk + Mjr = iy — My, + my with X and X’ coinciding everywhere else,
then W(X) = W(X').

Ex post compensation for 7 combines ex post Pigou-Dalton for 7 and ex
post symmetry for 7. Note that if market incomes are additively separable,

then ex post compensation for 7 is equivalent to ex post compensation.

Ex post compensation for 7. Both ex post Pigou-Dalton for 7 and ex post

symmetry for 7 hold.

Theorem 3 characterizes the social welfare functions that satisfy ex post
compensation for 7 and liberal reward in addition to the three basic axioms.
The proof is similar to that of Theorem 1 and is therefore omitted. Section 5
will show that the theorem extends the conditional equality allocation rule.

Theorem 3. A social welfare function W satisfies monotonicity, continuity,
translation invariance, ex post compensation for v and liberal reward if and
only if there exists a strictly increasing, continuous, translatable and strictly
Schur-concave function f : R — R such that, for each X in R,

W(X) = f(z11 —mar + Mz, ooy Tige — Mg+ Mz, ooy Tep — Mep + M) (3)

We now move on to the combination of ex ante compensation and liberal
reward. As the following example shows, ex ante symmetry and liberal Pigou-
Dalton clash. Consider the income distributions

10 14| |1 3|, 0 4, 113
1 3| 10 14| 11 13 0 4

and the market income distribution

. [10 14]_
1 3

X —

11



We have W(X) = W(X’) by ex ante symmetry, W(X’) < W(X") by liberal
Pigou-Dalton and W (X"”) = W(X") by ex ante symmetry. Hence, W(X) <
W(X"). However, we have W (X") < W(X) by liberal Pigou-Dalton.

We again obtain that a necessary condition to avoid a clash is that market
incomes are additively separable.

Proposition 2. If a social welfare function W satisfies ex ante symmetry and

liberal Pigou-Dalton, then market incomes must be additively separable.

For the case of ex ante compensation, we will not explore domain restric-
tions and axiom weakenings. We suffice instead by remarking that all the
social welfare functions in Theorems 1 and 2 satisfy ex ante compensation, as
the latter is implied by ex post compensation.

4.2 Compensation and utilitarian reward

We begin with the combination of ex post compensation and utilitarian
reward. The following example shows that the two axioms clash.!'’ Consider
the income distributions

X:F 7] and X’:r 8].
6 9 78
Ex post Pigou-Dalton implies W(X’) > W(X), whereas utilitarian reward
implies W(X) = W(X").

We consider a weakening of utilitarian reward and combine it with ex post
compensation.'” Uniform utilitarian reward says that transferring the same

amount ¢ from each individual in a responsibility group to each individual in
another responsibility group should not alter social welfare.

Uniform utilitarian reward. For all income distributions X and X’ in R“*",
if there exist two responsibility groups k and [ in R and a positive real number
0 such that 2/, = . + 01, and 2/, = 2z, — 61, with X and X’ coinciding
everywhere else, then W(X) = W (X’).

We impose an additional axiom that puts structure on social welfare com-
parisons. The axiom requires that the social welfare function first aggregates
across responsibility groups and second aggregates the obtained values across
circumstance groups. Because this order of aggregation requires knowledge
of individuals’ responsibility characteristics, we refer to the axiom as ex post
aggregation.

HFleurbaey and Peragine (2013) find a similar incompatibility.
12Gince utilitarian reward does not take market incomes into account, a restriction on the

domain of market income distributions is not an option in this case.

12



Ex post aggregation. There exist a function ¢ : R” — R and functions
Y- -, % - R — R such that, for each income distribution X in R**", we have

W<X) = ¢(71(x-1)7 s >7r<x~r))'

Theorem 4 characterizes social welfare functions that satisfy ex post com-
pensation and uniform utilitarian reward in addition to ex post aggregation
and the three basic axioms monotonicity, continuity and translation invariance.

Theorem 4. A social welfare function W satisfies monotonicity, continuity,
translation invariance, ex-post aggregation, ex post compensation and uniform
utilitarian reward if and only if there exist a strictly increasing and continuous
function F : R — R and a strictly increasing, continuous, unit-translatable'?
and strictly Schur-concave function f : R — R such that, for each X in R,

W(x) = F( % if(m.k)) (@)

The social welfare functions in the theorem first aggregate the incomes
in each responsibility group using the function f. Strict Schur-concavity of
f ensures that ex post compensation is satisfied. The obtained values are
then aggregated by averaging, which ensures satisfaction of uniform utilitarian
reward.

We now turn to the combination of ex ante compensation and utilitarian
reward. Theorem 5 characterizes social welfare functions that satisfy ex ante
compensation and utilitarian reward in addition to the three basic axioms.

Theorem 5. A social welfare function W satisfies monotonicity, continuity,
translation invariance, ex ante compensation and utilitarian reward if and only
if there exists a strictly increasing, continuous, translatable and strictly Schur-
concave function f :R® — R such that, for each X in R*",

W(X):f(%lek,%Zx%,...,%Zxck) (5)
k=1 k=1 k=1

The social welfare functions in the theorem first aggregate the incomes of
each circumstance group by averaging, thus ensuring satisfaction of utilitarian
reward. The obtained values are then aggregated using the strictly Schur-
concave function f, which ensures satisfaction of ex ante compensation. Ooghe,
Schokkaert and Van de gaer (2007) have characterized classes of social welfare
functions similar to those in Theorems 4 and 5.

I3A function f : R™ — R is unit-translatable if f(z+d1,) = f(z)+§ for each real number
0.

13



5 Allocation rules

An allocation rule determines how a given amount of income should be
divided among the individuals based on their circumstance and responsibility
characteristics. The optimal distribution(s) chosen by each of the above social
welfare functions naturally defines an allocation rule. In section 6, we use these
optima to derive our inequality measures.

Proposition 3 shows the optimal distributions for the classes of social wel-
fare functions characterized in the previous section. In each case, the whole
class settles on the same distributions. The proof of the proposition is straight-
forward and is therefore omitted.

Proposition 3. Let W be a social welfare function that satisfies monotonicity,
continuity and translation invariance.

(i) Let market incomes in M be additively separable and let W satisfy, in
addition, ex post compensation and liberal reward (Theorem 1). For each
imcome distribution X in R*", the unique optimal distribution of the
total income in X, denoted by X*, is such that

xh = mg — m + X for each (i,k) in C x R.

(11) Let W satisfy, in addition, ex post compensation and liberal reward for ¢
(Theorem 2). For each income distribution X in R*", the unique optimal
distribution of the total income in X, denoted by X*, is such that

Tl = Mep — M. + X for each (i,k) in C' x R.

(i1i) Let W satisfy, in addition, ex post compensation for i and liberal reward
(Theorem 3). For each income distribution X in R*", the unique optimal
distribution of the total income in X, denoted by X*, is such that

xh = mag — my — (M —m.) + X for each (i,k) in C x R.
(iv) Let W satisfy, in addition, ex post compensation and uniform utilitarian
reward (Theorem /). For each income distribution X in R"  a distri-
bution X* is an optimal distribution of the total income in X if and only
if
T =Ty for alli and j in C' and each k in R.
(v) Let W satisfy, in addition, ex ante compensation and utilitarian reward

(Theorem 5). For each income distribution X in R®", a distribution X*

15 an optimal distribution of the total income in X if and only if

Kl

=T for alli and j in C.
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Proposition 3 links our social welfare classes to established rules. If X = M,
then the allocation rules derived from Theorems 1, 2 and 3 coincide with the
“natural” rule, egalitarian-equivalent and conditional equality rules studied by
Bossert (1995) and Bossert and Fleurbaey (1996). The natural rule applies only
if market incomes in M are additively separable. Additive separability implies
that there exists a real number a; for each circumstance group ¢ in C' and a
real number b, for each responsibility group k£ in R such that m;, = a; + bg.
The natural rule assigns to each individual (7, k) the income by + a, i.e., the
part of his market income determined by responsibility plus the average of
the part determined by circumstances. The rule in Proposition 3(i) indeed
coincides with the natural rule since m, = a; + by, m; = a; + b and X =
M = a+b. The egalitarian-equivalent rule assigns to each individual (i, k)
the income mg, — me. + M, i.e., the market income she would have received if
her circumstance were ¢ plus a uniform amount. The conditional equality rule
assigns to each individual (i, k) the income mg, — m;; + m.;, i.e., the average
market income of the responsibility group 7 plus the amount by which the
individual’s market income deviates from the market income he would have
had were k equal to 7. These two rules are obtained from Proposition 3(ii)
and (iii) by setting X = M. If X # M, then every individual receives what
they would have received under the three established rules plus the difference
(X = NI).

The allocation rules derived from Theorems 4 and 5 coincide with the
rules by Roemer (1993) and Van de gaer (1993). Indeed, the allocations in
Proposition 3(iv) maximize Roemer’s mean of mins, %Zke g Minjec T4, and

those in (v) maximize Van de gaer’s min of means, minjec + >, cp Tin."

6 Inequality measures

The normative approach to inequality measurement identifies inequality
with the welfare loss incurred by having the actual rather than the optimal
distribution of the available income. First, we review the procedure proposed
by Kolm (1969), Atkinson (1970) and Sen (1973) to derive inequality measures
in the unidimensional setting. Next, we extend this procedure to our setting.
As we will see later, the unidimensional Kolm-Atkinson-Sen (KAS) inequality
measure constitutes the basic building block of our measures of inequality of
opportunity.

Consider the unidimensional setting in which all individuals are identical.

Let z in R™ be an income distribution for n individuals, and let w : R™ — R be

14The mean of mins and the min of means naturally define social welfare functions. These
social welfare functions are not members of the classes in Theorems 4 and 5, but can be
approached arbitrarily closely by choosing f sufficiently concave.
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a strictly increasing, continuous, translatable and strictly Schur-concave social
welfare function. The equally distributed equivalent income £(x) associated
with w is the income that, if received by each individual, would yield the same
welfare level as x. Formally, {(z) is the real number such that w({(x)1,) =
w(z). The KAS inequality measure J : R — R associated with w is such that,
for each x in R"™, we have

J(z) = 1 —¢&(x). (6)
The KAS measure has an intuitive interpretation. For each x in R", J(z) is
the per capita income that could be destroyed if incomes are equalized while
maintaining the same level of welfare. In other words, it is a measure of waste
due to inequality.

Next, we extend the KAS procedure to our setting. The difference with the
unidimensional setting is that the equal distribution is not necessarily optimal.
Let X in R°*" be an income distribution, and let W : R°*" — R be a strictly
increasing and continuous social welfare function. The optimally distributed
equivalent average income Z(X) is the average income that, if distributed
optimally among the individuals, would yield the same welfare level as X.
Formally, 2(X) = Y with Y an optimal distribution such that W (Y) = W (X).
The inequality of opportunity measure I associated with W is such that, for
each X in R<*",

I(X) = X - 2(X).

For each X in R“*") I(X) is the per capita income that could be destroyed if
income is optimally distributed while maintaining the same level of welfare.
Proposition 4 presents the inequality of opportunity measures correspond-

ing to the social welfare functions described in the five theorems in Section

4.

Proposition 4. Let W be a social welfare function that satisfies monotonicity,
continuity and translation invariance.

(i) Let market incomes in M be additively separable, and let W satisfy, in
addition, ex post compensation and liberal reward (Theorem 1). For each
income distribution X in R*", we have

[(X) = J(:cn—mn—l—fnl., e xzk—mzk—i—mz,, xcr—mcr—i—fnc.),

where J : R — R is the KAS inequality measure associated with f in
equation (1).

(11) Let W satisfy, in addition, ex post compensation and liberal reward for ¢
(Theorem 2). For each income distribution X in R*", we have

I(X) = J(xu—mél, ooy Lile — Mekey + v - xCT—m@T),
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where J : R — R is the KAS inequality measure associated with f in
equation (2).

1) Let W satisfy, in addition, ex post compensation for v and liberal reward
Y
(Theorem 3). For each income distribution X in R*", we have

I(X) = J(z11 —ma +map, ooy Tigp — Mg + Mgy ooy Tep — Mer + Mer),

where J : R — R is the KAS inequality measure associated with f in
equation (3).

(iv) Let W satisfy, in addition, ex post compensation and uniform utilitarian
reward (Theorem /). For each income distribution X in R*", we have

I(X) = %ZJ(x.k),

kER

where J : R — R is the KAS inequality measure associated with f in
equation (4).

(v) Let W satisfy, in addition, ex ante compensation and utilitarian reward

(Theorem 5). For each income distribution X in R", we have

I(X) = J(%lelm%Z$2k;---7%2xck>7
k=1 k=1 k=1

where J : R® — R is the KAS inequality measure associated with f in

equation (5).

Proposition 4 reveals that inequality of opportunity measurement reduces
to the application of a unidimensional inequality measure to an appropriately
adjusted income distribution. Our approach singles out the absolute KAS
inequality measure as the unidimensional inequality measure to be employed.
This use of unidimensional inequality measures as a basic building block is
ubiquitous in the equality of opportunity literature, not surprisingly without
the restriction to absolute KAS inequality measures.'® We now discuss the five
parts of Proposition 4 in connection with the previous literature.

The measures in Proposition 4(i)-(iii) apply a unidimensional inequality
measure to a distribution of corrected incomes where the correction term is
determined by the market income distribution. The measures in Proposition
4(ii) and (iii) correspond, respectively, to the fairness gap and direct unfairness
measures proposed by Fleurbaey and Schokkaert (2009).

15In section 7, we discuss variations of our approach that would warrant the use of a wider
class of unidimensional inequality measures.
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Alternatively, the measures in Proposition 4(i)-(iii) can be written as a
measure of distance between the vector of actual incomes and the vector of op-
timal incomes. Indeed, they are equivalent to the application of .J to the vector
(x11—2%y, ..., Ter—ak,), where xf, is the optimal income as given in Proposition
3(i)-(iii)." The measures proposed by Devooght (2008) and Almas, Cappelen,
Lind, Sgrensen and Tungodden (2011) use this idea of distance between the
actual and the optimal. Devooght (2008) uses the optima corresponding to the
natural, the egalitarian-equivalent and conditional equality rules as in Propo-
sition 4(i)-(iii), but uses Cowell’s (1985) measure of distributional change as a
measure of distance. Almas et al. (2011) uses the optimum corresponding to
the so-called generalized proportionality rule (Cappelen and Tungodden, 2016)
and adopt the relative Gini index as a measure of distance. The advantage of
our approach is that both the optimum and the distance measure follow from
the axioms imposed on the social welfare function.

The measure in Proposition 4(iv) measures inequality of opportunity by the
sum of the inequality levels of the responsibility groups. Aaberge, Mogstad and
Peragine (2011) propose a measure in this form with J a rank-dependent in-
equality measure. The measure in Proposition 4(iv) can be interpreted as mea-
suring the inequality within responsibility groups while disregarding the (un-
problematic) inequality between responsibility groups. This interpretation has
been exploited by Checchi and Peragine (2010), who propose, among others,
the within responsibility group component of the mean logarithmic deviation
as a measure of inequality of opportunity. Because responsibility character-
istics are difficult to observe, this approach is not common in the empirical
literature.

The measure in Proposition 4 part (iii) is a measure of inequality between
average incomes of circumstance groups. Here, one can consider the average in-
come of a circumstance group to represent the value of the group’s opportunity
set. This approach has been extensively used in empirical analysis. The specific
inequality index applied changes across studies. We do not attempt to review
all inequality indices employed within this approach but, our measure is in line
with the measures employed by, among others, Peragine (2002), Cogneau and
Mesplé-Somps (2008), Bourguignon, Ferreira and Menendez (2007), Pistolesi
(2009), Checchi and Peragine (2010), Ferreira and Gignoux (2011), Aaberge
et al. (2011), Hassine (2011), Singh (2012).

6Consider, for example, the measure in Proposition 4(iii). Because J is absolute, we

_ * * *

have J(z11 — mi1 + mas, ..., Tep — Mer + Mei) = J(T11 — 271, .-+, Ter — 3,), Where 2, =
mie — Myp — (M —T_Tl.f) +X
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7 Conclusion

We conclude the paper with two remarks.

First, the inequality measures in this paper are absolute due to translation
invariance. Alternatively, one could impose scale invariance on the social wel-
fare function. The scale invariance axiom would read “For all income distribu-
tions X and X’ in R and for each real number A, we have W (X) > W (X")
if and only if W(AX) > W(AX').” However, scale invariance clashes with
liberal reward. To see that, imagine a society with one circumstance group
and two responsibility groups. Let M = (0,4), X = (2,6) and X' = (3,5).
Liberal Pigou-Dalton implies W(X) > W(X’). Next, let Y = (8,24) and
Y’ = (12,20). Liberal Pigou-Dalton implies W (4X") > W (4X) whereas scale
invariance implies W (4X") > W (4X). Let us examine a proportional version
of liberal reward that is compatible with scale invariance. The only change to
the assumptions in Section 2 is that incomes and market incomes can only take
positive values. That is, W : RYY — R and M is in RYY, where R{Y is the
set of all positive ¢ x r matrices. Proportional liberal Pigou-Dalton says that,
for all income distributions X and X’ in RYY, if there exist two individuals
(4,k) and (i,1) in C'x R such that 7 > "L and a positive real number 4 such
that 2, = x; + 6 and 2, = x4 — 0 with X and X’ coinciding everywhere else,
then W (X) > W(X’). Proportional liberal symmetry says that for all income
distributions X and X’ in Riﬁ, if there exist two individuals (i, k) and (i,1)
in C' x R such that ;fl—’z = ’le and :”le = Y with X and X’ coinciding every-
where else, then W (X) = W(X'). Fmally, proportional liberal holds if both
proportional liberal Pigou-Dalton and proportional liberal symmetry hold. In
this case, we find that ex post compensation and proportional liberal reward
clash unless M is such that m’; = 7:1]’“ for all circumstance groups ¢ and j
and all responsibility groups k and [. Let p = (u1, pa, ..., pr) be such that
% = m—z’; for all £ and [ in R. Replacing additive separability of M with this
alternative assumption, translation invariance with scale invariance and liberal
reward with proportional liberal reward in Theorem 1 yields the following class
of social welfare functions: for each X in RYY,

Tik

W(X) = ¢(f((ﬁ

)ieC,keR))a

where p = (p1, 2, -, i4r), ¢ : R — R is a strictly increasing, continuous
function and f : R — R is a strictly increasing, continuous, homogeneous of

7 strictly Schur-concave function. Proportional version of liberal

degree one,
reward for ¢ can be defined similarly and relative versions of Theorems 2 and

3 can be obtained in a similar way.

I7A function f : R™ — R is homogeneous of degree one if f(dz) = §f(z) for each real
number J.
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Second, the market income distribution M is fixed throughout this paper.
Alternatively, one might want to compare income distributions with different
market income distributions, such as (X, M) and (X', M’). Such a change in
the domain of the social welfare function would require a change in the mono-
tonicity axiom. The new axiom would read “For all social states (X, M) and
(X', M) in R" x R if xy, > af, for each individual (7,k) in C' x R and
zj > xy for some individual (j,1) in C' X R, then W (X, M) > W(X', M').”
Liberal reward would not need to be changed. Surprisingly, in an accompa-
nying paper (Bosmans and Ozturk, 2015), we show that we cannot combine
monotonicity with liberal reward. A natural extension of our paper is therefore
to characterize the domain—if any—on which monotonicity is compatible with
liberal reward.
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Appendix

Proof of Proposition 1. Let W be a social welfare function that satisfies ex
post Pigou-Dalton and liberal Pigou-Dalton.

Assume to the contrary that market incomes are not additively separable.
That is, there exist ¢ and j in C and k and [ in R such that m;z—mj # mj,—m;;.
Let X be an income distribution such that z;, = z;, = (mu + myi)/2 and
zy = xj = (my+my)/2. Let X’ be an income distribution such that zf, +}, =
Tik + Tty Tl — Thyp = My — My, x;k + :L‘;»l = 2, + x;; and x;k - x;l = m, — My
with X’ and X coinciding everywhere else. Ex post Pigou-Dalton implies
W(X) > W(X'), whereas liberal Pigou-Dalton implies W(X’) > W (X). We
have a contradiction. O

The following two lemmas are used throughout the proofs. A progressive
transfer is a transfer of income from a richer to a poorer individual such that
the one that starts out with less money does not end up with more than the
other. We say that a function is Pigou-Dalton consistent if its value increases
as a result of a progressive transfer. See Olkin and Marshall (1979, pp. 10-
12) for the first lemma and Dasgupta, Sen and Starrett (1973, p. 183) for the
second lemma.

Lemma 1. For all vectors a and b in R™, a is obtained from b by a finite
sequence of progressive transfers and permutations if and only if a = bB for

some n X n bistochastic matrixz B.

Lemma 2. Fach symmetric and Pigou-Dalton consistent function f : R™ — R

1s Schur-concave.

Proof of Theorem 1. It is easy to verify that the specified social welfare func-
tion satisfies the axioms in the case of additively separable market incomes.
We focus on the reverse implication.

Let W be a social welfare function that satisfies the axioms.

By monotonicity and continuity, there exists a strictly increasing and con-
tinuous function f : R — R such that, for each X in R°*", we have W(X) =
f ((zik)@kyecxr). Translation invariance implies that, for all z and 2’ in R
and each real number )\, we have f(z) > f(«') if and only if f(z + Ag) >
f(x’+)\lcr), i.e., f is a translatable function. Let f be the function f : R — R
such that, for each vector (@) kycoxr, we have f((zsw —mix+m5.) G kyeoxr) =
f(($ik)(i,k)erR)- It follows that, for each X in R“*" we have W(X) =
flxyy —mag +ma., oo, T — My + My« ., Tep — Mg + Me.). The function f
is strictly increasing, continuous and translatable since f is strictly increasing,
continuous and translatable.
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Next, we show that f is symmetric. Let X and X’ be income distributions
such that the vector (2}, —mu+ma., ..., Th — Mk +Miy ..o, Thp — Mep + M)
is obtained from the vector (z11 — myy + M., - ..y T — My + My ooy Tep —
Mer + Me.) by a switch of two components. First, assume the switch is be-
tween the components corresponding to individuals (7, k) and (4, k). Note that
Mk — M. = My, — my. by additive separability of M. Because the same value
(mix — M. = mjx —my;.) is subtracted from the incomes x;; and x, the switch
is equivalent to a switch of these incomes. Hence, W(X) = W(X') by ex
post symmetry. Second, assume the switch is between the components corre-
sponding to individuals (i, k) and (i,1). This switch is equivalent to a switch
of the subsidies z;, — my, and x; — my. Hence, we have W(X) = W(X’)
by liberal symmetry. Third, assume the switch is between the components
corresponding to individuals (i, k) and (j,1). Let Y be the income distribu-
tion such that (y11 — ma1 + M., oy Yik — Mk + Miey ooy Yor — Mer + M)
is obtained from the vector (x1; — myy + M1., ..., T — Mg + Mjey o« o, Tep —
Mer + Me.) by a switch of the components corresponding to individuals (i,1)
and (j,[). Using the same reasoning as above, by ex post symmetry, we have
W(X) = W(Y). Let Y’ be the income distribution such that (yj; — mi +
My ooy Yo — Mg + Moy ooy Yh — Mer + Me.) is obtained from the vector
(Y11 — ma1 + M, ooy Yike — Mg + Mgy« o, Yor — Mer + M) by a switch of the
components corresponding to individuals (i, k) and (z,). Using the same rea-
soning as above, by liberal symmetry, we have W(Y) = W(Y”). The vector
(), —mar + M., ooy Ty — Mg + Moy ...y Thn — My + M) is obtained from
the vector (yi; — mi1 + Ma., .oy Y — Mk + Moy ooy Yl — Mer + M) by a
switch of the components corresponding to individuals (7,[) and (j,[). Using
the same reasoning as above, by ex post symmetry, we have W (X’) = W (Y”).
Thus, we obtain W(X) = W (X’).

Finally, we show that f is strictly Schur-concave. Since f is symmet-
ric, it suffices to show that f is Pigou-Dalton consistent. Let X and X’
be income distributions such that the vector (z}, — mi; + my., ..., ) —
Mik + My ..., Th. — Mg + M) is obtained from the vector (x;; — my +
Miey vy Tik — Mg + My« .+, Tep — Mgy + M) by a single progressive transfer.
First, assume the transfer is from the component corresponding to individ-
ual (7,k) to the component corresponding to individual (j,%). Because the
same value is subtracted from the incomes z;; and xj;, this transfer is equiv-
alent to a progressive transfer of income between (i,k) and (j,k). Hence,
W(X) > W(X') by ex post Pigou-Dalton. Second, assume the transfer is
from the component corresponding to individual (7, k) to the component cor-
responding to individual (i,7). This transfer is equivalent to a progressive
transfer from the subsidy ;. — my. to the subsidy x; — my;. Hence, we
have W(X) > W(X'’) by liberal Pigou-Dalton. Third, assume the trans-
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fer is from the component corresponding to individual (i, k) to the compo-
nent corresponding to (j,l). Let Y be the income distribution such that
(y11 — ma1 + M, ooy Yik — Mk + My oy Yor — Mg + M) 18 obtained from
the vector (x1y — myp + Ma., «o oy Tig — Mg + Moy o oo, Tep — M + M) by a
switch of the components corresponding to individuals (7,[) and (j,1). Using
the same reasoning as above, by ex post symmetry, we have W (X) = W (Y).

Let Y’ be the income distribution such that (y}; —mq1 +ma., ..., Yyl — mix +
Miey -« oy Yo — Mer +Me.) is obtained from the vector (y1; —my +ma., ..., Yix —
Mik + My -+ s Yer — Mer + Me.) by a transfer from the component correspond-

ing to (7, k) to the component corresponding to (i,[). Using the same reason-
ing as above, by liberal Pigou-Dalton, we have W(Y’) > W (Y'). The vector
(), —mar +Mae, ooy T — Mg + Moy ..., Thp — Mg + M) is obtained from
the vector (y}; — mu + ma., .., Yo — Mig + My ..., Yhp — Mo + M) by a
switch of the components corresponding to individuals (¢,[) and (j,[). Using
the same reasoning as above, by ex post symmetry, we have W (X’) = W(Y”).

Thus, we obtain W(X") > W(X). O

Proof of Proposition 2. Let W be a social welfare function that satisfies liberal
Pigou-Dalton and ex ante symmetry.

Assume to the contrary that market incomes are not additively separable.
That is, there exist ¢ and j in C' and k and [ in R such that my; — my; #
mjr — mjy. Let X be an income distribution such that there exist positive
real numbers o and 8 such that z;,, = m;. + al, and z;. = m;. + 1, with
MiNgep T, > MaXger 5. Let X' be the income distribution obtained from X
by switching the ith and the jth rows of X. Let X” be the income distribution
obtained from X’ by an income transfer of an amount € between the individuals
in columns k£ and [ of row ¢ that corresponds to a progressive transfer in their
subsidies. Moreover, let € < mingeg T; — maXyer Tjx, which implies that
mingcp x}’k > maxyep Th.. Let X’ be the income distribution obtained from
X" by switching the ith and the jth rows of X”.

We have W(X) = W(X’) by ex ante symmetry, W (X’') < W(X") by
liberal Pigou-Dalton and W (X"”) = W(X") by ex ante symmetry. Hence,
W(X) < W(X"). However, we have W(X) > W(X") by liberal Pigou-
Dalton. We have a contradiction. O]

Proof of Theorem 4. 1t is easy to verify that the specified social welfare func-
tion satisfies the axioms. We focus on the reverse implication.

Let W be a social welfare function that satisfies the axioms. By mono-
tonicity, continuity and ex post aggregation, there exist a strictly increasing
and continuous function h : R”™ — R and strictly increasing and continuous
functions fi, fo,..., fr : R® — R such that, for each X in R“", we have
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W(X) = h(gi1(z.1), g2(x.2), ..., 9-(z.)). Using the symmetry imposed by uni-
form utilitarian reward, we can define strictly increasing and continuous func-
tions ¢ : R” — R and f : R® — R such that, for each X in R“*", we have

W(X) = o(f(za), fa),. ... fl2.)).

Translation invariance implies that, for all z and 2’ in R and each real
number A, we have f(z) > f(z/) if and only if f(z + A1) > f(«/ + Al.),
ie., f is a translatable function. Hence, there exist a strictly increasing
and continuous function 9 : R — R and a unit-translatable function f :
R¢ — R such that f = 1 o f. Define the strictly increasing and continu-
ous function ¢ : R® — R such that, for each (t1,ts,...,t,) in R", we have
O(t1,ta, ... 1) = Qg(iﬂ(tl), W(ts),...,¥(t.)). It follows that, for each X in R*",
we have W(X) = o(f(x.1), f(z.2),..., f(x.;)). The function f is strictly in-
creasing and continuous because h and f are strictly increasing and continuous.
Moreover, f is symmetric by ex post symmetry and Pigou-Dalton consistent
by ex post Pigou-dalton, and hence strictly Schur-concave.

Next we show that W is a strictly increasing function of 2 3, _,, f(x.). Let
X and X’ in R be such that 1>, p f(zg) > 2>, 5 f(2),). Let Y and
Y’ in R be income distributions such that y;, = f(z.x) and y, = f(x/,) for
each (i,k) in C' x R. We have W(Y') = o(f(f(z.1)), f(f(z2)),..., f(f(z.))).
Since f is unit-translatable, there exists a real number « such that W(Y) =
O(f(xa)+a, flxa)+a,..., f(z,)+a). Similarly, there exists a real number o’
such that W(Y") = o(f(2!)) + o, f(2ly) + ;... f(«),) + ). Thus, by trans-
lation invariance, we have W(X) > W(X’) if and only if W(Y) > W(Y").
Next, let Z and Z’ be income distributions such that zy, = 3, f(z.)
and 2, = 13, o f(2/,) for each (i,k) in C x R. By monotonicity, W(Z) >
W(Z') if and only if %ZkeR f(zw) > 23 cp f(2)) with equality holding
whenever 257, o f(zg) = 1>, g f(2/,). By uniform utilitarian reward,
W) = W(Z) and W(Y') = W(Z'). Hence, W(Y) > W(Y’) if and only
if L3 cn flxa) = 230, cr f(2l),). We have already established that TW(X) >
W(X') if and only if W(Y) > W(Y’). That is, W(X) > W(X’) if and only if
IS wer f@a) = 250, (i f(a)),) with equality holding whenever 1 37, o f(z.,) =
LS wer f(al). Tt follows that there exists a strictly increasing and continuous
function F : R — R such that W(X) = F( >, p f(zx))- O

Proof of Theorem 5. 1t is easy to verify that the specified social welfare func-
tion satisfies the axioms. We focus on the reverse implication.

Let W be a social welfare function that satisfies the axioms. First, we show
that, for each X and X' in R if Y, pwiw = > ,cp )y, for each i in C,
then we have W(X) = W(X’). Let Y be the income distribution obtained
from X such that for each individual (7,k), we have yu = Z; and let Y’
be the income distribution obtained from X’ such that for each individual
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(i, k), we have y, = z}.. By utilitarian reward, we have W (X) = W(Y') and
W(X") = W(Y’). By construction, Y =Y’ and hence W (X) = W(X").

Furthermore, if >, pxa > >, g, for each i in C' with at least one
inequality holding strictly, then we have W(X) > W (X’). This follows using
monotonicity and the reasoning above. It follows that there exists a strictly
increasing function f : R — R such that, for each X in R%, we have W (X) =
f(Z1., %2y ..., Ze). The function f is continuous by continuity, symmetric by
ex ante symmetry and translatable by translation invariance.

Next, we show that f is strictly Schur-concave. Let X and X’ in R*" be

such that the vector (Z;., Za., . . . , T..) is obtained from the vector (z},, 7)., ...,z

) Ce

by a progressive transfer. Let Y be an income distribution such that y;. = z;.1,
for each i in C, and let Y’ be an income distribution such that y;. = z..1, for
cach i in C. Utilitarian reward implies that W(X) = W(Y) and W(X') =
W(Y"). Ex ante Pigou-Dalton implies that W (Y) > W (Y”’). Hence, we have
W(X) > W(X’). That is, f is a Pigou-Dalton consistent function. Since it is

also symmetric, by lemma 2, f is Schur-concave. [

Proof of Proposition 4. Let W be a social welfare function that satisfies mono-
tonicity, continuity and translation invariance.

(i) Let market incomes in M be additively separable and let W satisfy, in
addition, ex post compensation and liberal reward (Theorem 1). First, to find
=(X), we look for the optimal income distribution Y such that W(Y') = W (X).
Since Y is optimal, we have y;, = mg, — m;. + Y for each (i, k) in C x R by
Proposition 3(i). By Theorem 1, W(Y) = f(Y,...,Y) and W(X) = f(z1; —
Mat + Ma., -y Tigg — Mg + Moy, Tep — Mer + M), Since W(Y) = W(X),
fOY,. . Y) = f(z1y — mag +Mae, oo, Tig — Mg+ Mgy oy Ty — Mgy + M),
Hence, Y = &(z11 —mayr+Ma., « .., T — Migp +1M4, + ., Tep — Mer + 1My ), Where
¢ is the equally distributed equivalent income associated with f. Since Y =
ZE(X), we obtain I(X) = X —&(z11 — My +M0., oy Tig — Mg + M, + .., Ter —
Mer +Me.), e, I(X) = J(x11—mar+Ma, o) Tigp— Mg+ My ooy Top — Mg+
me.), where J is the KAS inequality measure associated with f in equation
(1). The proofs of (ii) and (iii) are similar and are therefore omitted.

(iv) Let W satisfy, in addition, ex post compensation and uniform utilitar-
ian reward (Theorem 4). Let X be an income distribution in R*". Using part
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(iv) of Proposition 3, we find
I(X) =W(X*) - W(X)
=1/rY g(@pld) —1/r>  glzs)

=1/r Z(fk — g(z.x))
= 1/7“Zg(f.klc — To).

since ¢ is unit-translatable.

(v) Let W satisfy, in addition, ex ante compensation and utilitarian reward
(Theorem 5). Let X be an income distribution in R®*". Again, we look for
an optimal distribution Y such that W(Y) = W(X). Since Y is optimal,
we have y;. = y;. for all circumstance groups ¢ and j in C' by Proposition
3(v). By Theorem 5, W(Y) = f(Y,...,Y) and W(X) = f(Z1.,Z2.,...,%c).
Since W(Y) = W(X), we have f(Y,...,Y) = f(z..,%.,...,7.). Hence,
Y = &(21., %o, ..., T..), where € is the equally distributed equivalent income
associated with f. We obtain that I(X) = X —&(71., Ta., - . ., Te.), 1.6, [(X) =
J(Z1., ., ..., %), where J is the KAS inequality measure associated with f
in equation (5). O
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