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1 Introduction

When free markets are unable to convey su¢ cient incentives to invest

in R&D, industrial property - and the use of patents in particular - may

play a role in stimulating innovative activities. A patent is an indus-

trial property title that gives a patentee the exclusive and temporary

right to exploit her �ndings commercially. The market power which is

awarded to her allows the patentee to make supernormal pro�ts and to

recoup R&D investments but it also generates an additional deadweight

loss. Hence, the question of how much protection should be given to

innovators should weigh the bene�t associated with a greater rate of

technological change against the cost of precluding competition. Nord-

haus (1967, 1972) and Scherer (1972) were among the �rst economists

to address this issue and to compute the optimal length of a patent,

that is, the duration for which innovators should bene�t from industrial

protection. Thereafter, Gilbert & Shapiro (1990) and Klemperer (1990)

argue that the value of a patent is not only determined by its length but

also by its breadth.1 The economic literature has interpreted the concept

1Also referred to as width or scope in the literature.
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of breadth in various ways. As summarized by Denicolò (1996), it has

been alternatively understood as (i) the cost of inventing around the

patent (Gallini, 1992), (ii) the distance in the space product that must

be traveled between the innovation and other non-infringing products

(Klemperer, 1990), (iii) the fraction of that optimal royalty fee that the

innovator is allowed to charge by the public agency (Tandon, 1982) or

(iv) the fraction of the cost reduction induced by a process innovation

that does not spill out and becomes freely available to non-innovating

�rms (Nordhaus, 1972). Generally speaking, the patent breadth mea-

sures the patentee�s ability to take advantage of her dominant position

and make supernormal pro�ts. Hence, the design of the optimal patent

policy should be guided by two major considerations: �rst, the reward

that is given to innovators (i.e. the value of the patent) for the pol-

icy to convey the appropriate amount of incentives to innovate; second,

the way in which that reward is allocated over time (i.e. the patent

structure) for the industrial protection to induce the least overall social

costs. Indeed, although the patentee is indi¤erent between all patents

that have the same value, the trade o¤ between length and breadth is

not necessarily neutral in terms of welfare.

In this paper, we assume that the innovation generates a negative

externality2 and we discuss the way it in�uences the design of the optimal

patent policy. When it is con�ned to giving �rms incentives to innovate,

industrial protection is nothing else than a necessary evil. Our main

point is that it can also prove to be a powerful instrument for preventing

2Throughout this chapter, we focus on negative externalities since our primary

interest is the regulation of potentially harmful innovations. Yet, it would be straight-

forward to extend our analysis to a more general class of externalities including those

said to be positive.
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the emergence of negative externalities and reducing the social harm that

they may cause.

In particular, if the magnitude of the externality is determined by

the innovator�s R&D strategy, then it is possible to imagine a patent

policy in which �rms that have implemented safe R&D strategies are

given a stronger protection than those who have not. In that case, the

public agency faces an additional trade o¤ between the decrease in the

innovation�s harmfulness and the extra deadweight loss.

Besides, while most authors assume that the social costs induced by

the industrial protection increase with the patent breadth, we argue that

in the presence of a negative external e¤ect, they may as well be decreas-

ing. In particular, by giving market power to the patentee, industrial

protection may reduce the equilibrium output and contain the damage

caused by the external e¤ect more e¤ectively. Therefore, the trade o¤

underlying the design of the optimal patent structure should take into

consideration the impact of breadth on both the deadweight loss and the

size of the external e¤ect.

Note that the economic literature has long underlined that imper-

fectly competitive markets may actually reduce the size of negative ex-

ternal e¤ects. In particular, Buchanan (1969), Baumol & Oates (1975)

and Barnett (1980) stress that the market structure for the good or

service generating the externality is a key element in clarifying the is-

sue of taxation for control of external e¤ects. Also, it should be noted

that the idea that industrial protection can be used as a tool to cor-

rect the market failure associated with external e¤ects has been already

put forward: Laxminarayan (2002) addresses the issue of antimicrobial

resistance. The author explains that "antibiotic use creates a negative
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externality because antibiotic use by one patient may generate resistant

bacteria that can infect others" and he stresses that pharmaceutical com-

panies selling antibiotics do not fully internalize the social cost associ-

ated with the depletion of their e¤ectiveness. Likewise, when doctors

prescribe antibiotics, they focus on the bene�ts to the patient and often

overlook the risks to society. The main argument is that stronger indus-

trial protection may reduce antibiotic use and contain the emergence of

resistant bacteria. Laxminarayan shows that increasing patent breadth

- as measured by the number of competing �rms within the same class of

antibiotics - can be bene�cial to society. In that case, the cost of greater

monopoly power today is outweighed by the bene�t of preserving antibi-

otic e¤ectiveness tomorrow. Horowitz & Moehring (2004) bring forward

another argument in favour of broad patents: when cross-resistance may

occur3, extending patent breadth to the whole class of antibiotics could

strengthen the incentive for the patentee to internalize this external ef-

fect. Finally, the O¢ ce of Technology Assessment has suggested that

a longer patent length could increase the incentives for pharmaceutical

companies to reduce resistance, since they would enjoy a longer period

of monopoly bene�ts from its antibiotic�s e¤ectiveness.

This paper is organized as follows: in Section 1, we compute the

patent optimal length and breadth when the innovation generates a neg-

ative external e¤ect. First, we present the general result established by

Gilbert & Shapiro (1990) and we show that narrow and in�nitely-lived

patents may not be optimal even though breadth is increasingly costly in

terms of deadweight loss. Second, we discuss the consequences that the

3Cross-resistance is the resistance to a particular antibiotic that often results in

resistance to other antibiotics, usually from a similar chemical class, to which the

bacteria may not have been exposed.
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externality may have on the optimal patent structure. Last, we follow

Denicolò (1996) and we examine several interpretations of the concept

of breadth in order to establish closed-form conditions for the patent

optimal length and breadth. Our conclusions suggest that the optimal

patent structure is closely related to the size of the negative external ef-

fect and to the extent to which broader patents may make non-infringing

imitations less harmful. In Section 2, we compute the optimal value of

the patent when the �rm�s R&D strategy determines the size of the

negative external e¤ect. First, we address the case in which the public

agency can set a single value of the patent whatever the �rm�s R&D

strategy. Second, we look into a modulated patent policy that gives

stronger protection to �rms that have undertaken actions aimed at pre-

ventive the externality from arising. We establish that the latter policy

is strictly more e¢ cient than the former whenever the negative external

e¤ect is su¢ ciently large so the public agency e¤ectively takes advantage

of the �exibility allowed by the modulated policy and induces �rms to

undertake preventive actions. Section 3 concludes.

2 Optimal patent length and breadth

2.1 Gilbert & Shapiro (RAND, 1990): the general

result

In this seminal article, Richard Gilbert & Carl Shapiro discuss the rule

according to which a pre-speci�ed value of the patent V should be al-

located over time. The basic trade o¤ is between broad patents that

induce a large deadweight loss for a short period of time and narrow

patents that generate a small deadweight loss for a long period of time.

Note that the authors leave aside the question of how much to reward in-
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novators so they take the rate of technological change as given and they

focus on computing the optimal patent structure. In their framework, T

denotes the patent length and � is its breadth.4 The latter is identi�ed

to the patentee�s �ow rate of pro�ts. Once the patent has expired, the

�rm�s �ow pro�ts decline to �. The smaller �, the more competitive the

underlying market structure. Hence, the patentee�s discounted pro�t is

equal to

V (T; �) =

Z T

0

�e�rtdt+

Z +1

T

�e�rtdt

where r is the rate at which future amounts are discounted.5 The

�ow social welfare W (�) is assumed to be decreasing in breadth (i.e.

W 0(�) < 0). The argument is that the broader the patent, the larger

the deadweight loss induced by the industrial protection. The discounted

social welfare is thus equal to


(T; �) =

Z T

0

W (�)e�rtdt+

Z +1

T

W (�)e�rtdt

The problem of the public agency consists in determining the patent

length and breadth that maximize the discounted welfare under the con-

straint that the patentee gets at least V . Formally, the public agency

solves

max
T�0; ��rV


(T; �) s.t. V (T; �) � V

The patent breadth must be larger than rV so the desired reward can

be achieved through industrial protection. Since 
 decreases in both

its arguments, it is clear that the constraint binds at the optimum (i.e.

V (T �; ��) = V ).6 Therefore, the authors are able to de�ne the function

4The authors focus on rectangular patents whose breadth is constant over time,

we will do the same.
5We assume that the private discount rate equals the social discount rate.
6Klemperer (1990) solves an analogous problem in which the constraint is directly

written as an equality.

6



� such that V (T; �(T )) = V . Di¤erentiating this latter equation with

respect to the patent length, they show that

�0(T ) = �r [�(T )� �]
e�rT

1� e�rT
(1)

Next, they di¤erentiate 
(T; �(T )) with respect to the patent length and

they show that the discounted welfare increases in length whenever

re�rT [W (�(T ))�W (�)] + (1� e�rT )W 0(�(T ))�0(T ) � 0

Finally, they use (1) and rewrite the former condition as follows:

W (�(T ))�W (�)

�(T )� �
� W 0(�(T )) (2)

The concavity of W on the interval [�; �(T )] is a su¢ cient condition

for inequality (2) to hold. In the framework of Gilbert & Shapiro, the

only source of social costs is the deadweight loss dwl(�) with dwl0 > 0

so W (�) = wc � dwl(�) where wc is the perfectly competitive welfare.

Clearly, the convexity of dwl implies the concavity of W so the authors

state that if breadth is increasingly costly in terms of deadweight loss,

then narrow and in�nitely lived-patents are optimal (Proposition 1).7 In

that case, indeed, "increasing the breadth of the patent [...] is increas-

ingly costly, in terms of deadweight loss, as the patentee�s market power

grows. When increasing the length of the patent, by contrast, there is a

constant trade o¤ between the additional reward to the patentee and the

increment to deadweight loss [...]". It should be noted that the varia-

tions of the �ow social welfare are irrelevant to determine the optimal

patent structure, only its curvature matters. However, their Proposition

7Likewise, the concavity of dwl is a su¢ cient condition for wide and short patents

to be optimal. Finally, if dwl is linear, then the mix between length and breadth has

no impact on welfare.
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would no longer hold if non-linearity were to be introduced in the rela-

tion between the patent breadth and the patentee�s �ow pro�ts so the

scope of their results is thus limited to speci�c market structures.8

2.2 Introducing a negative externality

When the innovation generates a negative external e¤ect, the design of

the optimal patent structure should not only be driven by the impact of

breadth on the deadweight loss but also by the in�uence it has on the

damage generated by the externality. In that case, breadth is no longer

a pure cost for society, as was the case in the framework of Gilbert &

Shapiro, because it becomes an instrument with the potential to reg-

ulate the externality. As we shall see, if an increase in breadth leads

to a reduction in damage which is larger than the additional induced

deadweight loss, then giving the patentee a greater market power might

actually be welfare improving.

The idea that broader patents may contain the negative externality

can be explained in two ways: �rst, broader patents may lessen competi-

tion in the innovation market, decrease the equilibrium output and thus

reduce the magnitude of externality. Second, if the concept of breadth

is interpreted as the distance that must be traveled, in some product

8On this point, the framework provided by Klemperer (1990) is more general since

no restriction is placed on the relation between the patent breadth and the patentee�s

�ow pro�ts. In that case, the optimal patent structure is not merely driven by the

curvature of the deadweight loss but by the breadth elasticity of both the pro�t

and the deadweight loss. However, his work may also be considered more restrictive

because Klemperer adopts a speci�c interpretation of the concept of breadth (i.e. the

distance that must be traveled, in a vertically di¤erentiated product space, between

the variety produced by the patent holder and non-infringing imitations.
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space, away from the innovation to produce a non-infringing variety,

then broader patents may make imitations less harmful (i.e. reduce the

extent to which they generate a negative externality).

Besides, in the presence of a negative external e¤ect, note that the

constraint according to which the innovator must be given at least a

pre-speci�ed reward might not bind at the optimum. Indeed, the public

agency may be better o¤ providing a stronger protection, at the cost

of a larger deadweight loss, in order to reduce the external e¤ect more

e¤ectively. For now, we leave this issue aside and we set �(T �; ��) = V so

our primary interest is to determine the socially e¢ cient way to structure

a patent of given value. We shall discuss how much innovators should

be rewarded in a subsequent section.

When introducing a negative external e¤ect into Gilbert & Shapiro

framework, the �ow social welfare is given by

W (�) = wc � dwl(�)� d(�)

where d(�) is the damage generated by the externality. Recall that the

concavity of W is a su¢ cient condition for narrow and in�nitely-lived

patents to be optimal. Yet, in the presence of the external e¤ect, W 00

is not only determined by the curvature of dwl but by that of the total

social costs dwl+d. In particular, W and dwl can be both convex when

d is su¢ ciently concave. Therefore, narrow and in�nitely-lived patents

may not be optimal even though breadth is increasingly costly in terms

of deadweight loss. As outlined above, since the variations of the �ow

social welfare are irrelevant to determine the optimal patent structure,

we are able to establish what we refer to as the extended Gilbert &

Shapiro condition.

9



Proposition 1 When introducing a negative externality into the frame-

work of Gilbert & Shapiro, if the total social costs are convex in breadth,

then narrow and in�nitely-lived patents are optimal.

Pay attention to the fact that this extended Gilbert & Shapiro condi-

tion only applies when the patentee�s �ow pro�t grows linearly with the

patent breadth. Clearly, under the assumption that breadth is increas-

ingly costly in terms of deadweight loss, the introduction of a negative

external e¤ect does not challenge the optimality of narrow and in�nitely

lived patents are optimal whenever the damage it induces is not overly

concave in breadth.

Throughout this paper, we assume that the demand for the innova-

tion is constant over time. That is, we disregard the innovation di¤u-

sion process. Bass (1969) provides a theoretical framework in which the

probability that a potential buyer purchases the innovation at time t is

linearly related to the cumulative number of buyers. If broader patents

reduce the equilibrium output in the innovation market, then industrial

protection may slow the di¤usion process down. When the innovation

does not generate any negative external e¤ect, this reduction in speed

of di¤usion entails an additional social cost. However, in the presence of

a negative external e¤ect, a slower di¤usion process may actually cur-

tail the damage and raise the discounted social welfare. The di¤usion of

harmful innovations is indeed analogous to the spread of an epidemic and

the patent breadth can be assimilated to the extent to which the disease

in question is contagious. The bene�t of slowing down the innovation

di¤usion process is even greater if society learns about the external ef-

fect as time goes by or when the damage induced by the externality is

irreversible. Finally, on a more speculative note, if previous consump-

tion experiences improve the understanding that society has about the
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innovation and if the industrial protection combined with the absence of

economies of scale and learning-by-doing productivity gains at the early

stages of the di¤usion process make the innovation pricy at the time

it is �rst introduced, then we can ourselves whether or not the richest

individuals or countries serve as Guinea pigs.

2.3 Examples

In this section, we follow Denicolò (1996) and we provide several interpre-

tations of the concept of breadth. In each case, we describe the market

structure and we compute the patent optimal length and breadth.

2.3.1 Compulsory licensing

To start with, we assume that there is compulsory licensing of a cost

reducing innovation as in Tandon (1982). The royalty fee is determined

by the regulator and it is understood as the patent breadth. Though this

might not be the most intuitive interpretation of the concept of breadth,

it allows us to make our point in the clearest possible way.

Consider the market inverse demand P = a � Q for a given good

where P is the price at which it is sold and Q is the output. The

cost reducing innovation allows the innovator to produce this good at

constant unit cost k < a. If she were unregulated, and since we assume

free-entry, then the innovator would set the royalty fee at s
2
where s =

a�k so the innovation would be sold (competitively) at monopoly price.9

Let w 2 [0; 1] be the fraction of that optimal royalty fee that the patentee
9When the innovator charges a royalty fee �, the equilibrium price and output

are, respectively, k + � and s � �. In that case, all licensees make zero pro�t while

the innovator gets �(s��) which is maximum at � = s
2 . Hence, the equilibrium price

is k + s
2 which coincides with the monopoly price.

11



is allowed to charge by the regulator. We assimilate w to the patent

breadth: the smaller w, the less able the innovator to take advantage

of her better production e¢ ciency and make supernormal pro�ts. If

w = 0, then the market is perfectly competitive whereas it is equivalent

to a monopoly if w = 1.10

We depart from the standard framework by assuming that the process

innovation generates a production negative externality which induces a

damage d(Q) = 1
2
Q2 where  � 0 measures the size of the externality.

The good is sold at price p(w) = k + w s
2
so the equilibrium output is

Q(w) = s
2
(2� w). The innovator�s pro�t is equal to

�(w) =
s2

4
w(2� w)

The consumer surplus is equal to

CS(w) =
s2

8
(2� w)2

the damage associated with the negative externality is equal to

d(Q(w)) =
s2

8
(2� w)2

and the social welfare is equal to

S(w) = CS(w) + �(w)� d(Q(w)) =
1

8
s2(2� w) [2(1� ) + w(1 + )]

In this framework, we easily see that breadth is increasingly costly in

terms of deadweight loss.11 Yet, we cannot conclude which patent struc-

ture is the most e¢ cient because the patentee�s pro�t does not grow

linearly with the patent breadth and even if it were the case, the exis-

tence of a negative external e¤ect is such that the concavity of the �ow

10By equivalent, we mean that the innovator behaves as a monopolist when she is

unregulated.
11Indeed, dwl(w) = CS(0)� CS(w)� �(w) = 1

8w
2s2
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social welfare is no longer a su¢ cient condition for narrow and in�nitely-

lived patents to be optimal. As mentioned earlier, breadth should not

only be seen as a cost for society. Indeed, by reducing the equilibrium

output (i.e. Q0(w) < 0), broader patents decrease (at a decreasing rate)

the damage generated by the negative externality. As depicted in Fig-

ure 1, if the externality is large (i.e. if  � 1), then we show that the

marginal bene�t of a lower damage is always larger than the marginal

deadweight loss so increasing the patent breadth is always welfare im-

proving. However, if the externality is small (i.e. if  � 1), then the

social welfare has an inverted U shape: for narrow patents, a marginal

increase in breadth is such that the additional deadweight loss is smaller

than the damage reduction so the welfare is locally increasing. The e¤ect

reverses for broader patents.12 In the absence of any negative external

e¤ect (i.e. if  = 0), note that the welfare unambiguously decreases with

the patent breadth.

12The marginal deadweight loss is equal to the marginal damage reduction atbw = 2
1+ . If  � 1, then bw > 1 so breadth unambiguously increases welfare. However,

if  � 1, then bw 2 [0; 1] so the social welfare is non-monotonic with respect to the
patent breadth.
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Figure 1: Welfare and size of the negative external e¤ect

Let us now determine the socially e¢ cient way to structure a patent

whose value V is given. That is, we compute the patent length T � 0

and breadth w 2 [0; 1] that minimize the discounted social costs for a

given rate of technological change. When there is no external e¤ect,

the basic trade o¤ is between a smaller deadweight loss for a longer

period of time and a larger deadweight loss for a shorter period of time.

In the presence of a negative externality, the trade o¤ incorporates an

additional dimension: long and narrow patents induce a smaller damage

reduction for a longer period of time whereas broad and short patents

allow a larger damage reduction for a shorter period of time. Future

amounts are discounted at rate r. The public agency chooses the patent

structure (T;w) which maximizes


(T;w) =

Z T

0

e�rtS(w)dt+

Z 1

T

e�rtS(0)dt

14



under the constraint that

V (T;w) =

Z T

0

e�rt�(w)dt = V

Note that V must be smaller than V = V (1; 1), the maximum achiev-

able reward through industrial protection. The constraint V (T;w) = V

implies that the patent length and breadth are linked by the relation

T =  (w) = �1
r
ln(1� 4rV

ws2(2� w)
)

The discounted welfare is 
( (w); w). Di¤erentiating with respect to w,

we have
d


dw
=
V ( � 1)
(w � 2)2

so the discounted welfare increases with the patent breadth whenever

 � 1.

Proposition 2 In the case of compulsory licensing of a cost reducing

innovation that generates a negative externality, with linear demand and

constant marginal costs, if the size of the negative externality is small

(i.e. if  � 1), then narrow and in�nitely-lived patents are optimal.

Clearly, broad and short patents are optimal if  � 1 whereas the

mix between length and breadth has no impact on welfare if  = 1. In

the absence of any negative external e¤ect, Tandon (1982) showed that

in�nitely-lived patents were optimal. We con�rm that this is the case

when  = 0. This Proposition makes it clear that the optimal patent

structure is closely related to the size of the external e¤ect. If the public

agency were to overlook the impact of breadth on the externality, then

the rule according to which he would choose to allocate the value of the

patent over time might be ine¢ cient.13

13 In our framework, such ine¢ cient decision would be made whenever  � 1. In

that case, the minimization of the discounted deadweight loss calls for in�nitely-lived

patents whereas wide are short patents are socially e¢ cient.
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2.3.2 Costly imitation

Gallini (1992) and Wright (1999) interpret the concept of breadth as the

(�xed) cost of inventing around the patent: the broader the patent, the

more costly it is to develop and to introduce a non-infringeable imitation.

The authors assume perfect imitation and free entry into the market for

imitations. The inverse demand for the innovation is given by P = a�Q

where P is the price at which it is sold and Q is the aggregate output.14

The innovation is produced at unit cost k < a. Finally, the innovation

induces a negative external e¤ect which generates a damage d(Q) =
1
2
Q2 with  � 0.

Assume that the original innovator and n perfect imitators compete à

la Cournot. The symmetric Nash equilibrium is such that each of them

produces q(n) = s
2+n

(with s = a � k) so the original innovator gets

�(n) = s2

(2+n)2
whereas each imitator gets �(n) � h where h is the �xed

cost of inventing around the patent. Clearly, the free entry assumption

implies that n� = ��1(h) so all imitators make zero pro�t and the orig-

inal innovator gets h. We follow Denicolò (1996) and we assume that

the imitation cost is a fraction of the monopoly pro�t. Namely, we set

h = w�(0) where w 2 [0; 1] is the patent breadth. If w = 1, then entry

is totally blockaded (i.e. n� = 0). If w = 0, then imitation is free so

the market is perfectly competitive (i.e. n� = 1) and all �rms make

zero pro�t. Generally speaking, the broader the patent, the more con-

centrated the market (i.e. (n�)0(w) < 0) so the larger the supernormal

pro�t that the original innovator can make. The entry process stops at

n� =
2(1�

p
w)2

w

14The total output includes the original innovation as well as its imitations since

they are assumed to be perfect substitutes.
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Each �rm produces q(w) = s
2

p
w so the aggregate output is Q(w) =

s
2
(2 �

p
w). Although the individual output increases with the patent

breadth, the aggregate output decreases so broader patents do contain

the damage generated by the externality (at a decreasing rate). The

consumer surplus is equal to

CS(w) =
1

8
s2(2�

p
w)2

the damage associated with the negative externality is equal to

d(Q(w)) =
1

8
s2(2�

p
w)2

and the social welfare is equal to

S(w) = h+CS(w)�d(Q(w) = 1

8
s2
�
4( � s)

p
w + 4(1� ) + (3� )w

�
Both the marginal damage reduction and the marginal deadweight loss

decrease with the patent breadth. If  � 1, the former is always larger

than the latter so the social welfare monotonically increases in breadth.

If  � 1, however, the marginal damage reduction outweighs the mar-

ginal deadweight for narrow patents only so the social welfare has a U

shape. An interesting feature of this model is that even though there

is no negative external e¤ect, the social welfare may be increasing in

breadth. Indeed, when  = 0, we have S 0(w) � 0, w � 4
9
. The reason

is that broader patents reduce the number of imitators and thus decrease

the total imitation costs which are another type of social cost. However,

for all w � 4
9
, the imitation cost is larger than the duopoly pro�t (i.e.

w�(0) � �(1)) so no entry e¤ectively occurs under the assumption that

the number of entrants is a discrete rather than continuous variable.

Since the patentee�s pro�t h grows linearly with the patent breadth, the

extended Gilbert & Shapiro condition applies to the current context. In
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other words, studying the concavity of the social welfare is su¢ cient to

establish the optimal patent structure. We show that

S 00(w) =
1

8
s2(1� )w

2
3

so the social welfare is concave if and only if  � 1.

Proposition 3 In a market with linear demand, constant marginal costs

and a �xed imitation cost with free entry, if the size of the negative ex-

ternality is large (i.e. if  � 1), then narrow and in�nitely-lived patents

are optimal.

Clearly, this Proposition is diametrically opposed to that we estab-

lished in the case of compulsory licensing.15 This underscores how im-

portant the interpretation of the concept of breadth is when describing

the socially e¢ cient way to allocate a given value of the patent over time.

Besides, as was already the case in the previous example, we observe that

the size of the externality is the key determinant of the optimal patent

structure.

2.3.3 Vertical di¤erentiation

In the case of compulsory licensing, the original innovator and the li-

censees used the same cost reducing technology. In the model à la Gallini

(1982), imitations are perfect so the original innovator and imitators pro-

duced the same good. Hence, the two previous examples were such that

the damage generated by the externality was related to a single variety

of product of production process. Yet, if the patent breadth prevents

imitators from using or producing the original innovation without in-

fringing the industrial protection, then multiple varieties will be used

15We suspect the inverted U curve between breadth and the imitation costs to be

behind this reversal but the speci�c reasons are still unclear to us.
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or produced. In that case, the damage generated by the externality is

determined by each variety�s output and relative rate of conveying. The

relative rate of conveying measures the extent to which a given variety

generates a negative externality with respect to the original innovation.

Thus, the relative rate of conveying of a perfect imitation is equal to 1.

We assume that imitations convey an increasing share of the external

e¤ect as they get closer to the original innovation.16

In order to understand better the concept of relative rate of conveying

and to explain our latter assumption, let us consider the example of

a tobacco company that patents a new additive which improves the

taste of the cigarette but that also makes it become more addictive so

its consumption generates increased negative externalities (e.g. passive

smoking, cost of treating smoking-related-diseases, street litter, etc.).

If the patent is broadly de�ned, then imitators cannot capture a large

fraction of the taste improvement without infringing the patent so the

variety they produce conveys smaller negative external e¤ects in the

sense that it is less addictive.

Here, we assume that a product innovation allows a quality improve-

ment b� > 0. The patent breadth w 2 [0; 1] is interpreted as the frac-

tion of b� that cannot be captured by imitators without infringing the
patents. Clearly, all imitators produce the non-infringing variety that

has the highest quality. Therefore, there are only two varieties that com-

pete in the market: the original innovation of quality �+b� where � is the
quality of the traditional product and imitations of quality �+(1�w)b�.
Production costs are normalized to zero. We further assume free entry

into the market for imitations so competition drives their price to zero.
16For simplicity, we do not consider the (plausible) case in which imitations may

be more harmful than the original innovation.
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We consider a mass-one continuum of consumers. Let m 2 [0; 1] be

their willingness to pay for the quality. It is assumed to be distributed

with density f and cumulative F . Each consumer buys either one unit

of the innovation or one unit of the imitation. In the former case, the

consumer obtains utility m(� + b�) � p where p is the price at which

the innovation is sold. In the latter case, the consumer obtains utility

m(� + (1 � w)b�). Hence, the consumer m which is indi¤erent between

buying one unit of the innovation and one unit of the imitation is such

that

m =
p

wb� (3)

Therefore, the demand for the innovation is given by 1 � F (m) so the

patentee�s pro�t is equal to �(m) = p(1� F (m)). Using (2):

�(m) = mwb�(1� F (m))

Choosing at which price p to sell the innovation is equivalent to choosing

m. We di¤erentiate � with respect tom and we show that the indi¤erent

consumer m� that maximizes �(m) is independent of w. Therefore, the

patentee�s optimal pro�t is given by

�(w) = m�wb�(1� F (m�))

This has two important consequences: �rst, it implies that the inno-

vator�s pro�t grows linearly with respect to the patent breadth. Hence,

the extended Gilbert & Shapiro condition applies to the current context

so studying the concavity of the social welfare function is su¢ cient to

determine the optimal patent structure. Second, it implies that the inno-

vator�s market share not a¤ected by the patent breadth. That is, unlike

our two previous examples, broader patents do not reduce the equilib-

rium output of the original innovation. It might then be thought that
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industrial protection has no in�uence on the damage generated by the

negative externality. Yet, although the patent breadth does not alter

the equilibrium output of each variety, it determines the extent to which

imitations are harmful with respect to the original innovation.

LetR(w) be the imitation relative rate of conveying for a given patent

breadth. As mentioned above, we have R(0) = 1 and R0 < 0. We de�ne

Q(R(w)) = F (m�) +R(w)(1� F (m�))

as the weighted sum of output, that is, the actual amount of output that

causes social harm. In particular, the original innovation and imitations

are assumed to induce a negative externality that generates a damage

given by d(Q(R(w))) with d0 > 0 and d00 � 0.17 Note that Q decreases

with the patent breadth so broader patents do contain the negative ex-

ternality more e¤ectively because they make imitations less harmful.

The consumer surplus is equal to

CS(w) =
h
� + (1� w)b�iE(mjm � m�)+

h
m(� + b�)�m�wb�iE(mjm � m�)

Note that the consumer surplus is linearly related to the patent breadth.

Finally, the social welfare is equal to

S(w) = �(w) + CS(w)� d(Q(R(w)))

Therefore, since � and CS are both linear functions, the concavity of

the social welfare is determined by that of the damage. Clearly, if R is

either linear or convex, then the damage is convex in breadth. When R is

concave, however, the curvature of the damage function is undetermined.

17In this example, there is no need to assume a speci�c form for the damage

generated by the external e¤ect.
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Proposition 4 In the case of product innovation in a vertically di¤er-

entiated industry, if the relative rate of conveying is not overly concave,

then narrow and in�nitely-lived patents are optimal.

Unlike the two previous examples, note that the size of the exter-

nality is no longer the key determinant of the optimal patent structure.

Here, only the curvature of the relative rate of conveying matters. Unfor-

tunately, economic intuition provides very little guidance on this speci�c

point. Intuitively, we would be more inclined to assume convexity be-

tween the patent breadth and the relative rate of conveying so only imi-

tations that are su¢ ciently close to the original innovation conveys this

external e¤ect. Indeed, in the case of concavity, even remote imitations

convey a large share of the external e¤ect, which seems less relevant.

2.3.4 Horizontal di¤erentiation

In the previous example, we showed that the patentee�s market share

was una¤ected by the patent breadth so broader patents contained the

damage more e¤ectively only because they made imitations less harmful.

On that particular point, the case in which the market is horizontally

di¤erentiated is more interesting because the patent breadth impacts

the damage through two channels. Namely, an increase in breadth im-

proves the patentee�s market share and it reduces the relative rate of

conveying of imitations. Hence, it is no longer straightforward to deter-

mine whether or not broader patents contain the negative external e¤ect

more e¤ectively. Also, this market structure tends to be more delicate

to address because the patentee�s pro�t is non-linearly related to the

patent breadth and because �rms make supernormal pro�ts after the

patent expires. In order to deal with those additional complications, we

shall assume that both the relative rate of conveying and the damage
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are linear functions.

We consider a mass-one continuum of consumers whose location x

is uniformly distributed on the line [0; 1]. There are two exogenously

located �rms: �rm 1 is located at 0 and �rm 2 is located at 1. They

initially produce the same good of quality �. We assume linear distance

and we de�ne t as the unit transport cost. Firm 1 innovates and raises

the quality of her good to � + b�. Again, the patent breadth w 2 [0; 1]
is interpreted as the fraction of the quality improvement that cannot

be captured by �rm 2 without infringing the patent. Therefore, �rm

2 produces a good of quality � + (1 � w)b�, the non-infringing variety
of highest quality. Production costs are normalized to zero. We assume

that the market is covered so all consumers buy one unit of the innovation

or one unit of the imitation. We further assume that the innovation is

not drastic so the patentee does not monopolize the market.18 Finally,

let p1 be the price of the innovation and p2 be that of the imitation. If a

consumer located at x buys one unit of the innovation, then he obtains

utility

U1(x) = � + b� � p1 � tx

whereas he obtains utility

U2(x) = � + (1� w)b� � p2 � t(1� x)

when he purchases one unit of the innovation. The consumer x which

is indi¤erent between buying one unit of the innovation and one unit of

the imitation is such that

x =
1

2
+
wb�
2t
� p1 � p2

2t

18Whatever the patent breadth, the market is covered if b� � 3t� 2� and it is not
monopolized so long as b� � 3t.
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Hence, the patentee�s pro�t is equal to �1(p1; p2) = p1x whereas the

non-innovating �rm�s pro�t is equal to �2(p1; p2) = p2(1 � x). Firms

simultaneously choose at which price to sell their good. It is straightfor-

ward to show that there exists a single NE such that

p�1(w) = t+
1

3
wb� and p�2(w) = t� 1

3
wb�

which yields

��1(w) =
1

18

(3t+ wb�)2
t

and ��2(w) =
1

18

(3t� wb�)2
t

As mentioned above, the patentee�s pro�t is non-linearly related to the

patent breadth so we cannot apply the extended Gilbert & Shapiro condi-

tion to the current context. The equilibrium market share of the paten-

tee is equal to

x�(w) =
1

2
+
1

6

wb�
t

Hence, the broader the patent the greater the equilibrium output of the

original innovation. The consumer surplus is given by

CS(w) =

Z x�

0

U1(x)dx+

Z 1

x�
U2(x)dx

with p1 = p�1 and p2 = p�2. Let R(w) be the relative rate of convey-

ing of the imitation. Hence, the weighted sum of output is such that

Q(x�(w); R(w)) = x�(w) + R(w) [1� x�(w)]. To simplify, we assume

that R(w) = 1 � w so the relative rate of conveying is linearly related

to the patent breadth.19 Under such assumption,

Q(w; x�(w)) = 1� w [1� x�(w)]

The original innovation and the imitation induce a negative externality

that generates a damage d(Q(w)). Again, for simplicity, we assume that

d(Q(w; x�(w))) = Q(w; x�(w))

19Also, this speci�cation implies that the traditional product does not generate

any negative externality.
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where  � 0 is the constant marginal damage measuring the size of the

external e¤ect. Unlike our previous examples, an increase in breadth

does not always reduce the damage. Two opposite forces are involved

here: on the one hand, broader patents make the imitation less harmful;

on the other hand, they increase the market share of the most harmful

variety (i.e. the original innovation). We show that the damage de-

creases monotonically with the patent breadth whenever the innovation

is incremental (i.e. if b� � 3t
2
). In that case, indeed, the quality gap be-

tween both varieties is small so the patent breadth has little impact on

their respective market shares. However, if the quality improvement is

signi�cant, then the damage generated by the externality has a U shape:

for patents narrower than bw = 3
2
tb� , a marginal increase in breadth is such

that the e¤ect of a lower imitation�s relative rate of conveying outweighs

the impact of an increased market share of the original innovation so the

damage is locally decreasing. The balance of power reverses for patents

broader than bw. Finally, the social welfare is given by
S(w) = ��1(w) + ��2(w) + CS(w)� d(Q(w; x�(w)))

Unlike our previous examples, the market is imperfectly competitive even

though there is no industrial protection. Therefore, before the patent

expires, the deadweight loss has two components: one part is induced by

the industrial protection while another is generated by the underlying

market structure.

Now that we have described the market equilibrium for a given patent

breadth, we turn to computing the socially e¢ cient way to structure a

patent whose value V is pre-speci�ed. The patent (imperfectly) protects

the innovator for T � 0 periods. Future amounts are discounted at rate
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r. The patentee�s discounted pro�t is equal to

V (T;w) =

Z T

0

e�rt��1(w)dt+

Z +1

T

e�rt��1(0)dt

Note that V cannot be smaller than V (0; 0) = t
2r
, the competitive dis-

counted pro�t. Likewise, V cannot exceed V (1; 1) = 1
18
(3t+b�)2
rt

, the max-

imum reward achievable through industrial protection. The discounted

social welfare is equal to20


(T;w) =

Z T

0

e�rsS(w)ds+

Z +1

T

e�rsS(0)ds (1)

The constraint V (T;w) = V implies that T =  (w) with

 (w) = �1
r
ln

"
1� 9t(2V r � t)b�w(b�w + 6t)

#

The discounted welfare is 
( (w); w). Di¤erentiating with respect to w,

we have
d


dw
=
3

2

t(2V r � t)(8b� � 9)
r(wb� + 6t)2

so the discounted welfare increases with the patent breadth whenever

 � 8
9
b�.

Proposition 5 In a market with linear transport costs and horizontal

di¤erentiation, if the size of the externality is large (i.e. if  � 8
9
b�), then

narrow and in�nitely-lived patents are optimal.

Hence, we �nd similar results to the example in which we interpreted

the patent breadth as the cost of inventing around the patent. Namely,

the public agency should prefer length to breadth whenever the negative

externality is large. Note that the size of the externality above which

20We use the dummy variable s so no confusion can be made with the transport

cost t.
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narrow and in�nitely-long patents are optimal increases with the mag-

nitude of the quality improvement. Therefore, the more incremental the

innovation, the wider the range of externalities for which length should

be preferred to breadth.

2.3.5 Cournot competition

The last example we discuss is the case in which two �rms compete à la

Cournot in a homogenous product market. One of them (the innovator)

implements an innovative production process and becomes more e¢ cient

than her rival (the imitator). The new process generates a production

negative externality. Here, we interpret the concept of patent breadth

as the fraction of the cost reducing technology that can be used by the

imitator without infringing the patent.

Let P = a � Q be the (inverse) demand function for the product

where Q is the aggregate output and P is the price at which it is sold.

Firms initially produce at unit cost k � a. The new process allows

the patentee to save d � k per unit of output. This cost reduction

is assumed to be small enough so she does not monopolize the market

before the patent expires.21 The imitator can incorporate a fraction of

the new technology in his own production process without infringing the

patent so he can produce at unit cost k � (1 � w)d where w 2 [0; 1] is

the patent breadth. Assume that �rm 1 is the patentee and �rm 2 is

the imitator and let q1 and q2 denote their respective output. Hence,

the patentee�s pro�t is equal to �1(q1; q2) = q1(s � q1 � q2 + d) with

s = a � k whereas the imitator�s pro�t is equal to �2(q1; q2) = q2(s �

q1 � q2 + (1 � w)d). Firms simultaneously choose their output. The

Cournot-Nash equilibrium is such that q�1(w) =
1
3
[s+ d(1 + w)] and

21It implies that the cost reduction d must be smaller than a� k.
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q�2(w) =
1
3
[s+ d(1� 2w)]. Typically, the wider the cost gap between

the two competitors, the larger the equilibrium output of the low-cost

�rm (i.e. the patentee), the smaller that of the high-cost �rm (i.e. the

imitator) and the lower the aggregate output. The equilibrium pro�ts

are such that

��1(w) =
1

9
(s+ d(1 + w))2 and ��2(w) =

1

9
(s+ d(1� 2w))2

As was the case in the previous example, note that the �rms make super-

normal pro�ts after the patent expires because the market is imperfectly

competitive. Also, we observe that the patentee�s pro�t is non-linearly

related to the patent breadth so the extended Gilbert & Shapiro con-

dition does not apply to the current context. The consumer surplus is

given by

CS(w) =
1

18
(2s+ d(2� w))2

Again, R(w) denotes be the imitation relative rate of conveying so

the weighted sum of output Q(q�1(w); q
�
2(w); R(w)) is equal to q

�
1(w) +

R(w)q�2(w). To simplify, we assume that R(w) = 1� w. We thus have

Q(w; q�1(w); q
�
2(w)) = q�1(w) + (1� w)q�2(w)

The original innovation and the imitation induce a negative externality

that generates a damage d(Q(w; q�1(w); q
�
2(w))). For tractability reasons,

we assume that the damage is linearly related to the weighted sum of

output. That is,

d(Q(w; q�1(w); q
�
2(w))) = Q(w; q�1(w); q

�
2(w))

with  � 0. For the same reasons as those explained in the previous

example, the damage may increase in breadth if the cost reducing inno-

vation is incremental. Finally, the social welfare is given by

S(w) = ��1(w) + ��2(w) + CS(w)� d(Q(w; q�1(w); q
�
2(w)))
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We now discuss the rule according to which a pre-speci�ed value of the

patent V should be allocated over time. Let V (T;w) be the patentee�s

discounted pro�t and 
(T;w) be the discounted social welfare as de�ned

in (1). Here, the desired reward V must be comprised between V (0; 0) =
1
9
(s+d)2

r
and V (1; 1) = 1

9
(2d+s)2

r
. The constraint V (T;w) = V implies

that T =  (w) with

 (w) = �1
r
ln

�
1� 9rV � (s+ d)2

dw(dw + 2(s+ d))

�
The discounted welfare is 
( (w); w). Di¤erentiating with respect to w,

we have

d


dw
=
1

3

(5d(d+ s)� (6d+ 5s))(9V r � (d+ s)2)

r(dw + 2(d+ s))2

so the discounted welfare increases with the patent breadth whenever

 � 8
9
b�.We di¤erentiate 
( (w); w) with respect to w, and we show

that the discounted welfare increases with the patent breadth whenever

 �  = 5d(s+d)
6d+5s

.

Proposition 6 In the case of a cost reducing innovation in a linear

homogenous Cournot duopoly with constant marginal costs, if the size of

the externality is large (i.e. if  � ), then narrow and in�nitely-lived

patents are optimal.

This result is familiar to us from the horizontal di¤erentiation case

and from that of costly imitation. It is possible to check that  increases

with the magnitude of the cost reduction. Hence, as was the case in the

previous example, our �ndings suggest that if the innovation is incre-

mental, then narrow and in�nitely-lived patents are optimal for a wider

range of externalities.
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3 Optimal value of the patent

In the previous section, we focused on determining the optimal length

and breadth of a patent whose value was given. That is, we assumed

that the rate of technological change was pre-speci�ed and we discussed

the socially e¢ cient way to structure the patent. Here, we address the

question of how much innovators should be rewarded when the innova-

tion generates a negative external e¤ect. Bigger rewards induce stronger

incentives to innovate. Since negative externalities undermine the at-

tractiveness of innovative activities, one might expect that the larger

those e¤ects, the smaller the optimal value of the patent. As we shall

see, this is not necessarily the case.

In this section, we focus on the case of compulsory licensing case in

which the patent breadth is interpreted as the fraction of that optimal

royalty fee that the patentee is allowed to charge by the regulator. This

example is indeed the easiest to work with since broader patents unam-

biguously generate additional deadweight loss and contain the damage

more e¤ectively. Besides, since the original innovator and the licensees

use the same innovative cost reducing technology, issues related to the

relative rate of conveying are ruled out.

In the case of compulsory licensing, recall that if  � 1, then that

narrow and in�nitely-long patents are optimal so T � = 1 and w� :

V (1; w�) = V . However, if  � 1, then patents of maximum breadth

are optimal so w� = 1 and T � = V (T �; 1) = V . In the former case,

the optimal discounted welfare generated by the innovation22 is given by

22Here, we use the terme optimal to indicate that the value of the patent is allocated

over time in the most socially e¢ cient way.
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(V ) = 
(1; w�) so


(V ) =
1

4

�
s(1� )(s+

p
s2 � 4rV )

r
+ 2(1 + )V

�
In the latter, it is de�ned by 
(V ) = 
(T �; 1) so


(V ) =
1

2

�
s2(1� )

r
+ (3 � 1)V

�
We thus have


(V ) =

�

(V ) if  � 1

(V ) if  � 1

In the case for which the patent length is maximum, breadth is the only

adjustement variable to a change in the value of the patent. For small

rewards, the patent is narrow so an increase in the strength of protection

raises the optimal discounted welfare. Indeed, recall that in the case for

which  � 1, the marginal deadweight loss was outweighed by the mar-

ginal damage reduction for narrow patents. However, since the balance

of power reverses for broader patents, the optimal discounted welfare

starts declining beyond a certain value of the patent.23 In the case for

which the patent breadth is maximum, the optimal discounted welfare

increases linearly with the value of the patent. Indeed, recall that when

the negative externality is large, the welfare declines once the patent ex-

pires. Therefore, by delaying the onset of perfect competition, stronger

industrial protection raises the optimal discounted social welfare.

Let us now describe the problem of a rational, pro�t-maximizing

and risk-neutral �rm that is endowed with an idea for a cost reducing

innovation.24 Let x 2 [0; 1] be the amount of resources that she devotes
23It is immediate to show that 
(V ) is srictly concave in V and that it is maximum

at V = s2

r(1+)2 .
24Unlike Denicolò (1996), we do not consider that several �rms are engaged in a

patent race. The issue of rivalry in R&D will be addressed in the next chapter.
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to R&D at cost

C(x) =
1

2
cx2

where c � V = V (1; 1) so corner solutions are ruled out at all equilib-

ria. Apart from choosing how much to invest in that process, the �rm

decides whether or not to undertake actions aimed at preventing the

negative externality from arising. Such actions may include the use of

cleaner technologies, the implementation of strict safety protocols or the

employment of a highly-skilled workforce. Let y 2 f0; 1g be the binary

variable that determines whether or not the �rm undertakes preventive

actions: y = 0 means that she does not, while y = 1 indicates that she

does. In the former case, the negative externality arises. In the latter,

it is contained (i.e.  = 0).25 Preventive actions are costly in the sense

that they divert a fraction of the �rm�s resources from their primary ob-

jectives and undermines the chances that R&D succeeds. In particular,

we assume that the �rm achieves innovation with probability

p(x; y) =

�
x if y = 0
ax if y = 1

where a 2]0; 1[ measures the cost of undertaking such actions.26 Clearly,

the greater the amount of resources that the �rm devotes to R&D, the

more likely it is that innovation is achieved. If the process fails, then

the �rm implements the status quo action which is assumed to generate

zero pro�t and zero social welfare.27 We now consider two types of

patent policy. In the standard policy the value of the patent is the same

25If  is understood as the expected size of the externality, then our framework

may include uncertainty in the relation between the �rm�s R&D strategy and the

innovation�s actual impact on welfare.
26Pay attention to the fact that preventive actions induce a large cost when a is

small.
27The assumption that the status quo action generates zero social welfare suggests

that the initial unit cost of production is larger than a.
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whatever the �rm�s R&D strategy. In the modulated policy, the public

agency is able to reward preventive actions by giving stronger protection

to the �rm. In both cases, the timing of the game is as follows: �rst

the public agency determines and announces the value of the patent;

second, the �rm chooses her R&D strategy. We thus face a dynamic

game whose information is perfect and complete. We do not not allow

players to randomize their strategies and we search for SPNE. Thus, we

shall �rst compute the �rm�s optimal R&D strategy and then, we will

determine the optimal value of the patent.

3.1 Standard patent policy

In this �rst type of policy, the �rm is given a protection whose value V

is the same regardless of her R&D strategy. She thus solves

max
fx;yg

�(x; y) = p(x; y)V � C(x)

Clearly, undertaking preventive actions can never be optimal because it

induces a cost and it is not rewarded by stronger protection. Hence,

it is straightforward to show that the �rm�s optimal R&D strategy is

such that (x�; y�) = (x0; 0) with x0 = V
c
. Her optimal pro�t is equal to

�(x0; 0) =
1
2
V 2

c
. Note that it is always positive so the �rm�s participation

constraint is always satis�ed.

We now go back to the �rst stage of the game in which the public

agency chooses V �, the optimal value of the patent and we de�ne

W0(V ) = p(x0; 0)
(V )� C(x0)

as the social welfare induced by the R&D strategy (x0; 0). Formally, the

public agency solves

max
V�V

W0(V )
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where V is the maximum reward achievable through industrial protec-

tion.

If  � 1, then 
 = 
 and as depicted in Figure 2, we show that

the problem has no interior solution. In that case, indeed, the size of

the negative external e¤ect would justify a strong protection but the

existence of an upper bound for the value of the patent prevents the

public agency from giving the �rm the protection that is socially optimal

in the unconstrained problem. If the size of the externality if moderate

(i.e. if  2 [1; 2]), then maximum protection yields a positive welfare

so the constraint binds at the optimum (i.e. V � = V ). However, if the

externality is too large (i.e. if  � 2), then the welfare is negative for

all admissible values of the patent so the public agency should give the

�rm no protection at all (i.e. V � = 0).

Figure 2: Welfare and value of the patent

If  � 1, then 
 = 
 and we show that the problem has an interior
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solution such that V � = bV with

bV = 1

32
s2

"
(3� )

p
9(1� )2 + 4 + 32 + 10 � 9

r2

#

Note that bV - and thus the rate of technological change - increases with
 so the public agency should give the �rm stronger protection as the

size of the negative externality goes up. The reason is that the bene�t

of reducing the damage through broader patents increases with . Let

us de�ne V0 as the optimal value of the patent in the standard policy.

We thus have

V0 =

8>>><>>>:
bV if  � 1

V if  2 [1; 2]

0 if  � 2

Figure 3: Optimal value of the patent as a function of the size of the

negative external e¤ect

The following Proposition summarizes our main �ndings:
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Proposition 7 In the standard patent policy, as the size of the exter-

nality goes up, the optimal value of the patent increases, reaches the

maximum strength of protection, and then falls to zero.

3.2 Modulated patent policy

In this section, we examine a policy in which the public agency may

reward preventive actions by giving stronger protection to the �rm. In

that case, the patent policy has the potential to give incentives to inno-

vate and to contain the negative externality. To some extent, this type

of policy echoes patent laws that incorporate a precautionary princi-

ple. Usually, new products or processes qualify for industrial protection

whenever they ful�ll three patentability standards: novelty, usefulness

and non-obviousness. As emphasized by Kolitch (2006), there are nu-

merous examples of nations whose patent policies are more stringent and

exclude potentially harmful innovations from industrial protection. In

that case, preventive actions may be rewarded in the sense that they

make the public agency less inclined to trigger the precautionary prin-

ciple and deny patentability. In the modulated policy, the value of the

patent is de�ned as follows:

V (y) =

�
V if y = 0
V +B if y = 1

where B � 0 is the additional value that is given to the �rm when

she undertakes preventive actions. Note that B � B = V � V since

the value of the patent cannot exceed the maximum reward achievable

through industrial protection. In the standard policy, we had B = 0.

The �rm then solves

max
fx;yg

�(x; y) = p(x; y)V (y)� C(x)
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If she does not undertake preventive actions, then the �rm�s investment

decision is identical to that in the standard policy case so she implements

the R&D strategy (x0; 0) and she gets �(x0; 0). However, if she does

undertake preventive actions, then her optimal R&D strategy is such

that (x�; y�) = (x1; 1) with x1 =
a(V+B)

c
so she gets �(x1; 1) = 1

2
a2(V+B)2

c
.

Again, the �rm�s participation constraint is trivially satis�ed. Clearly,

the �rm undertakes preventive actions whenever �(x1; 1) � �(x0; 0).

The inequality is true whenever

B � B =
(1� a)V

a

That is, the extra value of the patent must be su¢ ciently large to induce

the �rm to undertake preventive actions. Note that B � B , V � aV .

Indeed, since there is an upper bound on the value of the patent, the

public agency cannot give the �rm a su¢ cient extra protection when V

is too large. Let us de�ne� as the set ofmodulated patent policies (V;B)

that induce the implementation of preventive actions . As depicted in

Figure 3, we then have

� =
�
V � aV ;B 2

�
B;B

�	
Hence, the �rm�s optimal R&D strategy is such that

(x�; y�) =

�
(x0; 0) if (V;B) =2 �
(x1; 1) if (V;B) 2 �

Let us now go back to the �rst stage of the game in which the public

agency chooses the optimal modulated patent policy (V �; B�). To start

with, we focus on the set of policies that does not induce the implemen-

tation of preventive actions (i.e. (V;B) =2 �). In that case, the problem

of the public agency is identical to that we solved in the standard policy

case. We thus have (V �; B�) = (V0; B) =2 �. Clearly, the value of B is
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irrelevant - whenever (V;B) =2 � - because the �rm does not undertake

preventive actions so she will not be given the extra value of the patent.

We now turn our attention to the set of modulated policies that make

the �rm undertake preventive actions (i.e. (V;B) 2 �). In that case,

the negative externality does not arise and the patent should be narrow

and in�nitely-lived. We de�ne

W1(V;B) = p(x1; 1)
(V +Bj = 0)� C(x1)

as the social welfare induced by the R&D strategy (x1; 1). Therefore,

the public agency solves

max
(V;B)2�

W1(V;B)

We show that (V �; B�) = (V;B) 2 � such that V +B = Z with

Z =
1

32
s2
�p
4a2 � 12a+ 17(5� 2a) + 4a2 � 13

(1� a)2r

�
Note that Z � V so the set of solutions is nonempty.

Figure 4: Modulated patent policies
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Now that we have computed the optimal policy on each subset, we turn

to comparing the welfare that they generate in order to determine un-

der which conditions the optimal modulated patent policy e¤ectively

improves welfare by inducing the �rm to undertake preventive actions.

Clearly, policy (V; Z�V ) 2 � should be preferred to policy (V0; B) =2 �

whenever

W1(V; Z � V ) � W0(V0; B)

We show that this inequality is true whenever the size of the externality

is larger than a threshold b < 2 that increases with the cost of preventive
actions.28

28To see this, note that W0(V0; B) is continuous and decreasing with respect to .

If  � 2, then W0(V0; B) = 0. If  ! 0 then W0(bV ;B) ! W = 2
27

s4

r2c . Besides,

W1(V;Z�V ) is constant with respect to  since the externality does not arise. Also,

it decreases the cost of preventive actions (i.e. it increases with a). If a ! 0, then

W1(V;Z � V ) ! 0 whereas W1(V;Z � V ) ! W when a ! 1. Therefore, by the

intermediary value theorem, we conclude that exists a single value b that decreases
with a and such that W1(V;Z � V ) � W0(V0; B),  � b. Unfortunately, b cannot
be computed analytically.
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Figure 5: Standard vs Modulated patent policy

Thefore, the optimal modulated patent policy is such that

(V �; B�) =

�
(V0; B) =2 � if  � b
(V; Z � V ) 2 � if  � b

Proposition 8 The modulated patent policy is strictly more e¢ cient

than the standard policy whenever the innovation generates a negative

externality that is su¢ ciently large.

When the negative externality is small, the standard and the mod-

ulated patent policy are equally e¢ cient. In that case, indeed, even

though the public agency is able to reward preventive actions by giv-

ing the �rm stronger protection, he is better o¤ not to. The reason is

that the (small) damage that can be contained is outweighed by the

cost of preventive actions. Clearly, the more those actions undermine

the chances that R&D succeeds, the wider the range of externalities

for which the standard and the modulated policy coincide. When the

negative externality is large, the optimal modulated policy induces the

�rm to undertake preventive actions so the public agency actually takes

advantage of the �exibility allowed by the modulated policy. In that

case, the inability of the standard policy to reward preventive actions is

detrimental and induces welfare losses. In particular, the e¢ ciency gap

that separates the two types of policies grows as the size of the external

goes up.

4 Concluding remarks

In this paper, we investigated the extent to which the introduction of a

negative externality in�uences the design of the optimal patent policy.

First, we computed the optimal length and breadth of a patent whose
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value was given. That is, we determined the socially e¢ cient way to

allocate a pre-speci�ed reward over time. Our main point was that the

trade o¤ between length and breadth should not only be driven by the

impact of industrial protection on the deadweight loss but also by its

in�uence on the damage generated by the negative externality. In par-

ticular, although broader patents may generate additional deadweight

loss, we argued that they can also reduce the damage by decreasing

the equilibrium output or by making non-infringing imitations convey a

smaller share of the external e¤ect. Therefore, breadth should not only

be seen as a cost for society but also as an instrument with the potential

to regulate the externality. In particular, an increase in breadth may be

welfare improving if the additional deadweight loss is outweighed by the

reduction in damage. In the presence of a negative external e¤ect, we

showed that unlike Gilbert & Shapiro�s �ndings, narrow and in�nitely-

lived patents may not be optimal even though breadth is increasingly

costly in terms of deadweight loss. Instead, we provided an extended

condition which indicates that the public agency should prefer length to

breadth whenever the total socials costs (i.e. the usual deadweight loss

and the damage generated by the externality) are convex in breadth.

Then, we successively examined several interpretations of the concept

of breadth in order to establish closed-form conditions for the optimal

length and breadth of a patent. Speci�cally, breadth was alternatively

understood as the fraction of the optimal royalty fee that the patentee

was allowed to charge by the public agency, as the (�xed) cost of in-

venting around the patent and as the fraction of a product or process

improvement that could not be captured by imitators without infring-

ing the patents. If the public agency were to overlook the impact of

breadth on the externality, then we stressed that the rule according to
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which he would choose to allocate the value of the patent over time

might be ine¢ cient. Also, we showed that the introduction of a negative

externality may have very di¤erent consequences on the optimal patent

structure depending on the way we interpret the concept of breadth, on

the size the e¤ect and on the relative rate of conveying of non-infringing

imitations.

Finally, we turned to the question of how much innovators should be

rewarded when the size of the negative external e¤ect is driven by their

R&D strategy. We �rst examined a standard policy in which the value of

the patent was the same regardless of the �rm�s R&D strategy. Then, we

investigated a modulated policy that allowed the public agency to reward

safe R&D strategies by giving stronger protection to the innovator. Our

conclusions indicate that the latter type of policy is strictly more e¢ cient

than the former whenever the size of the externality is su¢ ciently large

so the public agency actually takes advantage of the �exibility allowed

by the modulated policy.
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